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ABSTRACT 

The generalized Knizhnik-Zamolodchikov equations of irrational conformal 
field theory provide a uniform description of rational and irrational conformal 
field theory. Starting from the known high-level solution of these equations, 
we first construct the high-level conformal blocks and correlators of all the 
affine-Sugawara and coset constructions on simple g. Using intuition gained 
from these cases, we then identify a simple class of irrational processes whose 
high-level blocks and correlators we are also able to construct. 
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1 Introduction 



In recent years we have learned that the generic conformal field theory has irrational 
central charge, even when the theory is unitary. The study of this subject is called 
irrational conformal field theory (ICFT), which properly includes rational conformal field 
theory (RCFT) as a small subspace, 

ICFT DD RCFT (1.1) 

where RCFT is understood here as the affine-Sugawara [1-6] and coset constructions 
[1,2,7,8]. A comprehensive review of ICFT is found in Ref.[0. 

The foundation of ICFT is affine Lie algebra [10,1] and the general affine-Virasoro 
construction [11,12], 

T = L'^' UaJb : (1.2) 



on the currents Jq, a = 1 . . . dimg of the general affine algebra. The construction (|1.2| ) 
is summarized by the Virasoro master equation [11,12] for the inverse inertia tensor L"'', 
and the system may be understood as a conformal spinning top. 



The solutions of the master equation show a symmetry hierarchy [13| in ICFT 



ICFT DD //-invariant CFTs DD Lie /i-invariant CFTs DD RCFT (1.3) 

where the if-invariant CFTs, which are also generically irrational, include all theories 
with a symmetry H, where H may be a finite group or a Lie group. In this hierarchy, 
the RCFTs are understood as special cases of exceptionally high symmetry, with ever- 
increasing symmetry breakdown to the left. The generic ICFT is completely asymmetric. 

The central computational tools of the subject are the generalized Knizhnik-Zamolod- 
chikov (KZ) equations of ICFT [|14|, which provide a unified description of rational and 



irrational conformal field theory, including powerful new tools for RCFT. In particular, 
the recent solution of these equations for the general coset correlators [15,16,14] appears 
to be inaccessible by other methods. 

Moreover, the semi-classical or high-level solution of the generalized KZ equations has 
been known for some time, providing a uniform and apparently simple description of all 
ICFT DD RCFT on simple g. The high-level solution is deceptively simple, however, be- 
cause it is expressed in a Lie algebra basis, which is not the block basis in which conformal 
blocks are conventionally expressed, and it is only in solving the general problem, 

• Lie algebra basis —>■ block basis 

that one confronts the full complexity of the ever-increasing symmetry breakdown of 
ICFT. 

In this paper we begin the study of the known high-level solutions, obtaining the 
high-level conformal blocks and non-chiral correlators of the simplest and most symmetric 
cases. 
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In particular, we will first find closed-form expressions for the high-level conformal 
blocks and correlators of all the affine-Sugawara and coset constructions. Both results 
are new. 

Using intuition gained in this analysis, we then identify what we believe to be the 
simplest and most symmetric class of correlators in ICFT, which we call 

• the L{g] iJ)-degenerate processes in the if-invariant CFTs. 

This is the set of correlators each of whose external states has completely degenerate con- 
formal weights. The set includes all the affine-Sugawara correlators, a highly-symmetric 
set of coset correlators and a presumably large set of irrational correlators, examples of 
which are known. For this class of processes, we are also able to find general expres- 
sions for the high-level conformal blocks and non-chiral correlators, and we discuss an 
irrational example with octohedral symmetry in some detail. 



2 The High-Level Chiral Correlators of ICFT 

Our starting point is the set of high-level four-point chiral correlators of ICFT, 

Y^iy) = v^^[l + 2Lt{T,%' \ny + T^'T^ ln(l - y))]p- + 0{k-') (2.1a) 

Lt = ^ , a,b=l...dimg (2.1b) 
on simple^ compact G, where G is the Lie group whose algebra is g, and k is the level 



of affine g. These correlators were conjectured in Ref. ||15||, derived in Ref.[|2l; and were 



also obtained as solutions of the generalized Knizhnik-Zamolodchikov (KZ) equations of 



ICFT in Ref. 14 



In what follows, we discuss the conventions, notation and concepts involved in the 
result (13). 

A. Logarithms. The variable y in ( |2.1a|) is complex, and the logarithms in (|2.1a|) are 



defined with natural cuts: \ny is defined for |arg(y)| < tt, with its cut to the left, and 
ln(l — y) is defined for |arg(l — y)\ < n {or equivalently |arg(— y)| < vr), with its cut to 
the right for y > 1. 

B. Inverse inertia tensors. The symmetric matrix L'^ in ( |2.1a| ,b) is the high-level form 



L — i> Loo of the inverse inertia tensor of any high-level smooth solution of the Virasoro 
master equation. The matrix P"*, which must solve the relation [17,18] 



P^^dP = P (2.2) 

is the high-level projector of the L theory and rjab is the Killing metric of g. The high-level 
central charge of the theory is c(Loo) = rank P. 



^The chiral correlators ( |2.lD and the results of this paper also apply to ICFT on semisimple compact 
— ®igi with ki — k,\f I. 
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The chiral correlators ( |2.1| ) provide a uniform high-level description of the rational 
and irrational conformal field theories on including 

pai>^^ab ^ pab^^pab_pab (2.3) 

for the afiine-Sugawara and coset constructions respectively, where 77"* is the inverse 
Killing metric of g. More generally, the projectors P are closely related to the adjacency 
matrices of graph theory and generalized graph theory |^ in the partial classification 



of ICFT. For example, one has [|T9 



PijM = Oik{Qn)Sij,ki , l<i <j <n , 1 <k <l <n (2.4) 

in the graph theory ansatz on SO{n), where a = (ij) is the adjoint index and 6{Qn) is the 
adjacency matrix of any graph Qn of order n. The level-families classified by the graphs 
and generalized graphs are generically unitary and irrational on non-negative integer 
levels of the afiine algebras. 
C. Matrix irreps. The matrices 

{T:)J^ , «i,A = l...dimT^ , 2 = 1... 4 (2.5) 

are irreducible matrix representations (irreps) of g, which satisfy 

[Ta,Tb\ = ifab^Tc , a,6,c = 1 .. .dim 5f (2.6) 

where fab'^ are the structure constants of g. The labels a, P, . . . are composite indices, e.g. 
a = {aia2a2,a4) , and multiplication of irreps is by tensor product, so that 

(r;r,^)/^(T;)./^(r,^)„/^e.€ ■ (2.7c) 



D. Broken affine primary fields. The chiral correlators (|2.1| ) may be understood schemat- 
ically as the high-level form of the averages 

~ {Rt{T^)RT{T^)RT{T'^)Rl\T^)) (2.8) 

where i?^ (^) ■> ^ — 1 • ■ ■ ^ is the broken affine primary field of the L theory cor- 
responding to irrep T oi g. The correlators are written assuming an L-basis [|15| for 
each T*, where the conformal weight matrix of the broken affine primary field R1^{T^) is 
diagonal, 

{l'^'t:t:)J^ = ^^XT')€\ , ^o^xr-) = o{k~') . (2.9) 

Fig.l shows our conventions for the s and t-channels of the correlators, and the 13 channel 
is the u-channel. 
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Fig. 1. The correlators. 



In ICFT, broken affine primary states are the only states whose conformal weights 
are 0{k^^). In the affine-Sugawara constructions, conformal weights of the form integer 
plus 0{k^^) are integer descendants of affine primary states, but this is not necessarily 
true for the coset constructions'' and beyond, where we know only that the corresponding 
states are broken affine secondary. 

E. Global Ward identity. The objects are arbitrary linear combinations of gf-invariant 
tensors of ® ■ ■ ■ ® T*^, which satisfy the (7-global Ward identity, 

^3^(EW = , a = l...dim^ . (2.10) 

1=1 



F. Hermiticity. The matrix irreps 7^ satisfy the hermiticity condition, 

Tj = Pa% (2.11a) 

(Tj)/ = r/„y^(r„)/* (2.11b) 

where star is complex conjugation and rjaf^ = rj^f^ is the carrier space metric of irrep T. 
Moreover, we will consider only unitary theories (non-negative integer level of the affine 
algebra and L\m) = L{—m)), for which the inverse inertia tensor satisfies 

L»^* = L'\p-Wp~\'' (2.12) 

and similarly for Loo- It follows that all the matrices in ( |2.lD are hermitean, e.g. 

{2LtT^T,')^ = 2LXT,' (2.13) 

with orthonormal, complete sets of eigenvectors and real eigenvalues. 

G. SL[2, IR) gauge. The chiral correlators ( p.l|) are given in the 2-3 symmetric KZ gauge 



Y'^{y) = {Y[z];^)A'^{z,,Z2,Zs,z,) , y = (2.14a) 

i<j ^14^32 

712 = 713 = , 714 = 2Aa, , 723 = + + - (2.14b) 



'^See for example the conformal weights of Ref. ||l5|| under the coset construction {SU{n)k^ x 
SU{n)k^)/SU{n)k,+k2 when fci fca = k. 
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724 = -Aai + A,, - A„3 + , = -A,^ - A,, + A,3 + A«, (2.14c) 

where A"{z) are the non-invariant chiral four-point correlators. 

H. Limiting behavior. For any conformal field theory in the KZ gauge, the conformal 
weights A(s), A(u) and A(t) of the s, u and t-channel intermediate states appear in the 
limiting behavior, 

2/^.)-A.i(ri)-A.2(r2) ,1/^0 
<! (1-?/)^'"'"^"^^^'^"^"^^^'^ , y^l . (2.15) 



Here, we will use these facts in the high-level form 



y 



-A„,(ri)-A.,(r2) = i_ [A„^(ri) + A,,(r2)]lny + C(fc-2) (2.16) 



where we have recalled that the conformal weights of the broken affine primary fields are 
O(fc-i). 

I. High-level OPEs. In Ref.[16,14], it was shown that the high-level chiral correlators 
( ZT) have physical singularities in all channels, and that the high-level fusion rules among 



the broken affine primaries follow the Clebsch-Gordan coefficients of their corresponding 
matrix irreps. In further detail, the high-level OPEs of the broken affine primaries can 
be written schematically as 

+ 0{k^^) ■ (broken affine secondaries) 

where the level-independent tensor C{T^, T^, T*) is proportional to the Clebsch-Gordan 
coefficients and the broken affine secondaries enter only at the next order of the high-level 
expansion. 

Symmetry hierarchy in ICFT 



The high-level correlators ( |2.1| ) provide a uniform description of all ICFT on simple 
g, which is a bewildering variety of theories and correlators. In this paper we make 
the first attempt to identify simpler, more symmetric correlators among these varieties. 



Towards this end, we remind the reader of the symmetry hierarchy [|T^ in ICFT, 

ICFT DD if-invariant CFTs DD Lie /i-invariant CFTs DD RCFT (2.18) 

which organizes the space of ICFTs on G according to the residual symmetry group H C 
G of the theory. As seen in this hierarchy, the generic ICFT has no residual symmetry 
group*^, and these generic theories are expected to be the most complex. Consequently, 
we focus here on the theories with a symmetry, which are also generically irrational. 



'^In the graph theory ansatz |19(] on SO{n), whose high-level projectors are given in (2^), this 
corresponds to the fact that the generic graph has no symmetry. 
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The set of all ICFTs with a non-trivial symmetry group H (which may be a discrete 
subgroup of G or a Lie subgroup) is called the set of iY-invariant CFTs. Among the 
if-invariant CFTs, the subspace of theories with a Lie symmetry is called the set of Lie 
/i-invariant CFTs, where h G g. This subspace includes the affine-Sugawara and coset 
constructions ClS Sb much smaller subspace. 

When a theory L is an iJ-invariant CFT, the correlators ( p.l| ) also satisfy the global 
if-invariance condition, 

YHn{H) = YH , n{H)eG , niH)J = l[n{H,T')J^ (2.19) 

i=l 

where Q{H,T^)ai^' is the subgroup H in matrix irrep T\ When the theory is a Lie 
/i- invariant CFT, the condition ( p.l9| ) reduces to the /i-global Ward identity 



YuehJ2V = , a = l...dimh (2.20) 



i=l 



which applies for example in the cases of the affine-Sugawara construction (with h = g) 
and the g/h coset constructions. 

For the affine-Sugawara and g/h coset constructions, it is known [4,15] that the res- 
olution of chiral correlators into conformal blocks is a basis change from the Lie algebra 
basis to the block basis, using the /i-invariant tensors defined by ( p. 201) . More generally. 



one expects that the if-invariant tensors defined by ( |2.19|) will play an analogous role in 
finding the block bases of the if-invariant CFTs. 



3 The Affine-Sugawara Constructions 
3.1 The affine-Sugawara blocks 

The simplest and most symmetric conformal field theories are the affine-Sugawara con- 
structions [1-6] on G, whose high-level correlators are described by (|2.1|) with 

Ltoo = \ (3.1a) 
n(?/)E^; = , a = l...dim^ (3.1b) 



i=l 



where Pg = rj is the inverse Killing metric oi g. In this case, the correlators (|2.1| ) are 



the high-level solutions of the KZ equations [3,4] for any correlator on simple g. 

We begin by defining the s-channel block basis of ^f-invariants v{s, g)"^ as the solutions 
of the simultaneous eigenvalue problem and (^-global condition 

(2^^'oo^;^.')A(s,^)^ = (A?.)(m) - A^(Ti) - A%T'))v{s, g)- (3.2a) 
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^(r;)A(s,(?)^ = , a = l...dim^7 . (3.2b) 



i=l 



The ^f-global condition (|3.2b|) is compatible with the eigenvalue problem because the 



generators Ylt=i'^a commute with L'^T^T^. Here Ag(T*), i = 1,2 are the high-level 
forms of the conformal weights of external affine primary states, 

(T^) |l=l, = A^'(r) = ^ = + 0{x-^) (3.3a) 

x + h X 



- = ^ (3.3b) 

where ■j/'^, /(T) and x are respectively the highest root and dual Coxeter number of 
(yf, the invariant Casimir of irrep T and the invariant level of the affine algebra. The 
high-level form of the relation 

2LfT^T,' = Lf{T^ + T^){T,^ + T,') - {/\%T') + ^<^{T'))t (3.4) 

tells us that the quantities in ( p.2a| ) 

A^,)(m) = AnT-) (3.5) 

are the high-level conformal weights of an irrep in ® T^, hence the conformal 
weights of affine primary states exchanged in the s-channel. The dual eigenvalue problem 
is 

v{s,gY^{2Lf^^r^T,')p'^ = v{s,gUAl^{m) - A^T^) - A^T^)) (3.6a) 
v{s,g)iY.iV)p'' = , a = l...dim^ (3.6b) 

i=l 

where v{s,g)'^ = v{s, g)^*!]^"' and rjap = Y[i=iVaii3i is the product of the carrier space 
metrics. 



Because 2L'^^^T^T^ is hermitean we know that the eigenvectors are orthonormal and 



ISC z.l"'^ n-^n^ 
complete, 

t;(s, g)^v{^, gT = C , t;(s, ^/)Xs, g)^ = (I^ (3-7) 
where Ig is the projector onto the G-invariant subspace of ® • ■ ■ ® T^. The relation 

[L^'^r:r,^ , Q = , l<z,j<4 (3.8) 



also holds on the G-invariant subspace defined by ( p.2| ). An explicit solution to the 
eigenvalue problem and global condition in (|3.2|) is known [|l^ 

v{^, gTm = E ^s(r, 0"^"^"^^s(f, e')"^"^"^^«.«. , m = (r, e, ^0 (3.9a) 

Ws{r,iY-P^^'{Tl + T^ + r:)p,p^p^---^-^ = Q , a = l...dim^7 (3.9b) 
nj,^r,^f^P^-r^2LfTlr,\,p,^^^- = i/;,(r, 0"^"^"1A^(r^) - A<^{r') - A^T')] (3.9c) 
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where Ws{r,C,)'^*°'^°"' are the Clebsch-Gordan coefficients of T* ® T-' into irrep T*", ^ labels 
copies of the same irrep and f is the conjugate representation of r. Using ( p.9|) , it is 
easy to check directly that A^gj(m) = A^(T™) in ( p.2a| ) is the conformal weight of irrep 
m under the affine-Sugawara construction. 

As an explicit example, one finds for nnnn correlators on SU{n) that the invariant 
tensors ( |3.9| ) are 

V(S, SU{n))y = V(S, SU{n))^ = -5a^a2^a3a^ (3.10a) 



n 



v{s,SU{n))l = v{s,SU{n)){ 



1 

— ( 

n 



(3.10b) 



where V and A are vacuum and adjoint. This is the original example considered by 
Knizhnik and Zamolodchikov, although our Clebsch basis ( p.9|) , ( 3.10|) is slightly different 
than theirs (see Appendix B). 

From ( |2.1| ),( pnD and the completeness relation (p.7|), we use eigenvector expansions 
to define the s-channel conformal blocks J-'^^\y) of the affine-Sugawara construction 

v^ = Y.d{srv{s,g)l (3.11a) 

m 

y^{y) = E^(s)'"-^f (3.11b) 

•^f (y)™" = ^(s, 9)m[^ + '^Lf^o.ir^r,' In y + ln(l - y))]^(s, gT + 0{k~') (3.11c) 

as the coefficients of the chiral correlators expanded in the block basis. Here, d{s)"^ are 
a set of undetermined constants. 

To study the small y behavior of the s-channel blocks, we rearrange ( p.llc|) as follows. 



s, gUl + 2Lf^^T^T;^ In y] [11 + 2Lf^^T^T,' ln(l - y)]t;(s, + 0{k 



l + (A^3)(m)-A^(ri)-AnT^))lny] 



(3.12a) 



X t;(s, g)^[t + 2Lf^^r:%' ln(l - y)]t;(s, (?)" + 0{k-') 

(3.12b) 



^A«^,(m)-As(ri)-As(r2) 



51-c{s,gU-Y.- 
p=i P 

ab 'T-l'T-3„ 



c(s,^?)^" = v{s,g)^2L^:r'rM^,9r 



(3.12c) 
(3.12d) 



where we have used the dual eigenvalue problem ( 3.6a ) to obtain ( ^.12b| ) and the high- 
level relation (|2.16|) to obtain (|3.12c|) . We note in particular that the eigenvector resolu- 
tion correctly guarantees that each block has a unique leading singularity. 



(3.13a) 



9 



A. , , f ^UM + Oik^') , n = m 
^ ' [ 1 + 0[k ) , n ^ m 

labelled by m and n, which is followed by integer-spaced secondaries from ln(l —y). Ac- 
cording to eqs.( p.l^ ) and (|3.13|) , the leading singularities of the n = m blocks correspond 
to the s-channel exchange of affine primary states, with residue rg{m,m) = 0{k^), while 
the leading singularities of the n ^ m blocks are affine secondaries, with Tg{m, n ^ m) = 
0{k~^). This pattern is in agreement with the general OPE ( |2.17| ). Beyond the leading 
residues, diagonal blocks begin at 0{k^) and off-diagonal blocks begin at 0{k^^). 

If c{s,g)m" = for some n ^ m, then this block begins at and we obtain no 

information beyond this fact in our approximation. Although we are not aware of any 
examples of this phenomenon among the affine- Sugawar a blocks, examples do occur in 
the coset constructions and irrational processes (see Appendix D and Section ^). 

We also note that, although we have solved the generalized KZ equations through 
0{k~^), we are not able to determine the 0{k~^) part of the n ^ m conformal weights 
in this approximation. Of course, under the affine-Sugawara constructions all conformal 
weights have the form A^(T)+integer, so we can guess the exact result 

AJ'g)(m,n) = A^^)(m) + 1 - 5^^n , Vm,n (3.14) 

for the conformal weights of the blocks, which we believe to be correct (see Appendix B). 

To define block bases for the other channels, we also introduce the u and t-channel 
(yf-invariants as solutions to their corresponding eigenvalue problems, 

2Lf^^r^rM^.9r = (A?u)M - ^n^') - A^{r'))v{n,gr (3.15a) 
2Lf^^X%Mt,9r = (A?,)(m) - A^T') - A^{T'))v{i, gT (3.15b) 

{jZV)v{n,gr={j2V)vit.9r = ^ , a = l...dim^ (3.15c) 

1=1 i=l 

v{n, c/)™f (u, gY = v{t, g)mv{t, gY = 5"^ (3.15d) 

v{n, gTv{n, g)m = v{t, gY'^it, g)m = Ig ■ (3.15e) 

Here 

Aj^)(m) = A^(T-) , A^,)(m') = Anr-') (3.16) 

are the high-level (affine-primary) conformal weights under the affine-Sugawara construc- 
tion of irreps T'" and T"^' in (g) and respectively. Explicit forms of the 
u and t-channel invariants are obtained formally by a 2 3 and a 2 4 interchange 
respectively in eq.( |3.9| ). 

In analogy to the s-channel blocks J-'^^^ in eq.( |3.11|) , we define the u-channel blocks 
JF^"-* using the corresponding u-channel invariants, 

Yaiy) = T.di^r^^''\y)mMv^,9)n (3.17a) 



10 



:F't\y)m'' = v{n, gUl + 2L^'{T^%' Iny + T^T,^ ln(l - y))]v{n, gT + 0{k-') (3.17b) 



'1 _ ^)A»^j(m)-A9(ri)-A5(r3) 



p 



+ 0{k-') (3.17c) 



The expansion ( |3.17c ) is obtained from ( 3.17b ) following steps analogous to those in 
( p.l2| ). The limiting behavior of the u-channel blocks 



^fHl/)^" - r(")(m,n)(l-y)^^)(-")-^^(^^)-^^(^^) + 0(fc-^) 



r(")(m,n) 



-2^ 



i + o{k-'] 
i + o{k-^) 



(3.18a) 
(3.18b) 
(3.18c) 



n = m 
, n ^ m 

, n = m 

-cin,gW + 0{k-^) , n^m 
(followed by integer-spaced secondaries) is easily read from (|3.17c| ). As seen above for the 
s-channel blocks, the diagonal u-channel blocks show affine primary conformal weights 
with residue 0{k^), while the off-diagonal blocks show integer descendants of affine pri- 
maries, and we are again unable to determine the 0{k~^) part of the off-diagonal con- 
formal weights. 



Analytic blocks 

It is clear from the discussion above that the s and u-channel blocks J-'^^^ and JF^"-* are 
high-level forms of analytic blocks, but identification of the analytic t-channel blocks is 
more subtle. We begin by defining the preliminary t-channel blocks as the coefficients 
in the t-channel eigenbasis 

YM = T.ditr^^'\y)m''vit,g)n (3.19a) 

m,n 

Tf\yW = v{t, gUl + 2Lf^^{r^T,^ In y + T^T^ ln(l - y))]v{i, gY + 0(fc^^) (3.19b) 

in parallel with our expansions above for the s and u-channels. 

We must next consider continuation of the logarithms to the t-channel, for which we 
use the following two rules 

ln(l-y)=ln(-y)+ln(^l-^^ , |arg(-y)| < vr (3.20a) 

In?/ = ln(— ?/) — 'i7rsign(arg(— y)) (3.20b) 

throughout this paper. The left side of ( p.20b|) is defined for |arg(y)| < vr (so that Iny 
has its cut is to the left), while the right side of ( p.20b|) is defined for |arg(— ?/)| < vr (so 
that ln(— ?/) has its cut to the right). 
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In the finite-level example of Appendix B, the relation ( |3.20b| ) is used in the equivalent 
form 

y" = exp[-27ri/sign(arg(-y))] (3.21) 

to continue singular s-channel factors to the t-channel. The non-analytic phase in (|3.20b|) 
and (|3.21|) is therefore associated to operator ordering in the four-point Green function, as 
discussed in Ref . pT | . The continuation ( 3.20a|) is also seen in the example of Appendix B 
as the high-level limit of well-known continuation formulae for hypergeometric functions. 

We must therefore factor the non-analytic phase out of the preliminary t-channel 
blocks to obtain the analytic t-channel blocks. More precisely, we define 



S; - i7rc'(t,^)/sign(arg(-?/)) + 0(A; 



-2\ 



my) 



-1\ n 



t;(t,^)pexp[27rzL^|'^r,ir,^sign(arg(-y))]i;(t,^^)" + 0{k- 

6; + tnc'it, ^7)/sign(arg(-y)) + Oik-') 

c\t,g),- = v{i,g),2Lfr^TM^,g)- 



U,iy*) = U,iy)-' , U,iy)^ = U,iy) 



-1 



(3.22a) 
(3.22b) 

(3.22c) 

(3.22d) 
(3.22e) 



where T^\y) are the analytic t-channel blocks and Ug{y)m^ is the non-analytic unitary 
phase matrix of the affine-Sugawara constructions (unitary because the sign function is 
real). Then we find the explicit form of the analytic t-channel blocks. 



•^i'HyU" = ^(t, ^?)„. [1 + 2L";'^(r,i + r,3] in(-y) + r,ir,3 In 1 



]v{t,g)- + Oik-') 
(3.23a) 



)(t, g)^[l - {2Lf^^r^%' + E A^T') - A^r^)) In(-y)] 

1=1 

x[l + 2Lf^^X%nn (^1 - ^)]t;(t,^7)" + 0{k-') 



_^^J-A«^J(m)~A9(rl)+A9(r4) 



5" - c 



iVi 



^i\yJ p 



Oik 



-2\ 



c(t, ^7)^" = v{t, g)^2L'^'^r:rMt, g)"- . 

To obtain (|3.23b|) , we have used the identity 

v{t, 9)rn[2L'^Ur:%' + T,%' + T,%') - 7,11] = 
7g = A^^(r^) - A^^(Ti) - As(T2) - /\3{T^) 
which follows from the (^-global Ward identity ( p.l5c|) . 



(3.23b) 

(3.23c) 
(3.23d) 

(3.24a) 
(3.24b) 
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From ( p.23c| ) we read the limiting behavior of the analytic t-channel blocks 



(y)™" r«(m,n)(-y)-^(*)(-")-^^(^^)+^^(^^) + 0{k-^) (3.25a) 

A(t)K^) = i (3-25b) 
l + 0{k-'^) , n = m 



: „-„ (3.250 

and the remarks below ( p.l3| ) apply in this well. In particular, one might guess 



the exact u and t-channel results 

AJ^)(m,n) = AJ^)(m) + 1 - 5„.„ , Vm,n (3.26a) 

A^^.-) (m, n) = A^j-, (m) + 1 — 5m,n , Vm, n (3.26b) 

which are in agreement with the KZ example in Appendix B. 

In what follows, we introduce a unified notation p = s, t, u for the three channels and 
their corresponding blocks (JF^^))^", 

v{p, gUv{p, gr = 51 , v{p, g^vip, g)i = [I^ (3.27a) 

Y,{y) = J2diprj^^f\yU-vip,g)^ , p = s,t,u (3.27b) 

J'i'\yW' = vip, gUl + 2Lf^^{T^T,' In y + T^^T,' ln(l - y))]v{p, gT + 0{k-^) Ci.rj^) 

{:F^/\y)my = :Ff{y*)rr (3.27d) 

where the last relation follows by unitarity, that is, hermiticity of the basic matrices in 
the correlators. 

We finally note that the number Bg of affine-Sugawara blocks in each of the channels, 

Bg = {dgf (3.28) 

is equal to the square of the dimension dg of the (yf-invariants in any channel. 

For the special case of the 3333 correlator on SU{3), Appendix B provides a check of 
our high-level blocks against the finite-level blocks obtained by Knizhnik and Zamolod- 
chikov Q in this case. 

Crossing relations 

Using completeness of the three sets of eigenvectors, one finds that the three sets of 
blocks are related by the crossing relations, 

J-(^)(y)„" = [Xgipa) + 0(A:-2)]^P^(-)(y)/ ([X,(pa) + 0(fc-^)]-^)," (3.29a) 

= Xgipa)^PT^/\y),'^X^\pa)," + Oik-') , p,a = s,t,u (3.29b) 
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(3.29c) 
(3.29d) 



where p ^ o and we call Xg{pa) in ( |3.29c| ) the crossing matrix from channel a to channel 
p. The last relation ( |3.29d| ) says that the crossing matrices Xg{pa)m"' are unitary = 
Xg^ for each p ^ a, and the crossing matrices explicitly satisfy the consistency relations 



X,(pa)X,(ar)X,(rp) = X,(pr)X3(ra)X,(ap) 



1) " = A'^ 



(3.30a) 
(3.30b) 

which says that we return to the same blocks when we go around an s,t,u cycle. 

In the special case when ~ T^, the conformal weights exchanged in the u-channel 
are the same as in the s-channel. In further detail, we have 

Lf,oo{'^a'^b)a^ = L'^^oo(Xa'^b)a'^ (3.31) 

in this case, where a' = (a;ia;3a2Q;4) and similarly for jS'. Then we may identify the 
gf-invariants of the u-channel in terms of those of the s-channel 



v{u,g):: = v{s,g)^, 



(3.32) 



where m = (r, ^, ^') is the same irrep T*" in both channels. It follows from ( |3.17b| ), ( p.31| ) 
and ( |0^ ) that 

1 (3.33a) 
1 (3.33b) 
(3.33c) 



X,(su)-i = X,(su) 
X,(us)-i = X,(us) 



XgisnY 
Xginsf 
^(-)(y)„'^ = ^(^)(l-y)„" 



Then, using (^.33) in ( |3.29b| ), one finds that the s-channel affine-Sugawara blocks close 
under s-u crossing. 



[X,(su) + 0{k-')U J^i'^Ky)/ [XM) + o{k-% 



(3.34) 



as they should in this case. 

In the special case when all four representations are the same, one finds that the 
unitary crossing matrices are also idempotent X(pcr)^ = 1 and hence X{pa) = X{ap) for 
all p ^ cr: then, the Yang-Baxter-like relation 

X,(pa)X,(ar)X,(rp) = XgiTp)Xg{ar)Xg{pa) = 1 (3.35) 

follows from the consistency relations (|3.30|) . 

Using ( |3.29b| ) and ( |3.22a| ), we finally write down the crossing relations among all three 



sets J^g^\ -^g^^i -^g"^ analytic affine-Sugawara blocks, 

= [^.(su) + 0{k-')] [X,(su) + 0{k~')]-' 



(3.36a) 
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y 


[X,(us) + Oik--")] J=f [X,(us) + 


(3.36b) 


y 


[X,(st) + 0(A;-2)]J-W [X,(st)f/- 




(3.36c) 


j-« = 

9 


[X,(ts) + 0(fc-2)]^f [t/,X,(ts)- 




(3.36d) 


f(v.) _ 


[X,(ut) + 0(A:-2)]J-W [X,(ut)f/; 




(3.36e) 


fi^) - 
■^9 


[X,(tu) + 0(A:-2)]^(") [f/.X,(tu) 




(3.36f) 



where Vg is the non-analytic unitary phase matrix ( 3.22b ) of the affine-Sugawara con- 
structions. It is known that the crossing matrices of analytic blocks involve non- 
analytic factors, and we remark that, according to eqs. ( p.22b| ) and ( p.29c| ), the phase 
matrix provides the entire 0{k~^^ corrections to the full crossing matrices in ( ^.361) . 



3.2 Non-chiral WZW correlators 

To construct a set of high-level non-chiral WZW correlators from the affine-Sugawara 
blocks, we take the diagonal construction in the s-channel blocks ( |3.11c| ). 



Ygiv^vV = E i^i'\y)pn*^^'\yVvis,g)::vis,gt + Oik-') (3.37a) 

m,n,p 

= E^(s,^?)™ [^i^Hz/l^f (l/)]ni"^(s,^?)^ + 0{k-') (3.37b) 

m,,n 

which shows trivial monodromy around y = 0. These correlators satisfy the high-level 
forms of the holomorphic and anti-holomorphic KZ equations, and the corresponding 
g-glohal conditions on the left and the right. In the special case of the nnnn correla- 
tor on SU{n), they also agree with the diagonal construction studied by Knizhnik and 
Zamolodchikov in [^]. 

To see that these correlators have trivial monodromy around y = 1 and y = oo, one 
uses the crossing relations (|3.29| ) of the affine-Sugawara blocks to rewrite the correlator 



( p.37| ) in the two alternate forms 

Ygiy*, 1/)/ = E 9)": [^i") (l/*)^f (?/)]r." vi^, gfn + 0{k-') (3.38a) 

771,71 

= E^(t>^?)« [^i\y*)^f\y)]m''v{i,9t + o{k-^) (3.38b) 

r?i,7i 

where the u and t-channel blocks are given in ( p.l7b| ) and ( |3.19b| ). 



We can also express the t-channel form p.38bD in terms of the analytic t-channel 
blocks (g), 

2/)/ = E ^(t, 9)": [^^^\y*)Ug{y*)P^\y)Ug{y)U-v{i, gf^ + Oik-') (3.39a) 

771,71 

= E^(t,^7)^ [^!-\y)u,{y*)uM^!^\y)U''v{t,9rn + o{k-') (3.39b) 
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m,n 

where we have used the fact that 

[A,B] = 0{k'^) when A,B = l + 0{k-^) (3.40) 

and the first property in ( p.22e| ) of the phase matrix Ug. 

Using completeness and the form ( |3.11c| ) of the afiine-Sugawara blocks, we also find 
the summed form of the non-chiral WZW correlators 

y,iy*, yU' ={[]! + 2Lf^^iT,%' \ny* + T^T^ ln(l - y*))]/. 



(3.39c) 



X [11 + 2Lfn'T,' Iny + T,'%' ln(l - y))]] ^ ^ + Oik 



(3.41a) 



= {[]! + 2Lf^MlV In \V? + T^T^ In 1 1 - 2/P)]/,}/ + Oik'^) (3.41b) 

where Ig is the projector ( |3.7] ) onto the G-invariant subspace oiT^ ® ■ ■ ■ ® T^, and we 
have used eg. ( |3.8| ) to obtain the second form, which explicitly shows two of the trivial 
monodromies. The third trivial monodromy, around y = oo, also follows immediately 
because both terms in ( 3.41b ) are proportional to \y\ at large y. The correct t-channel 
singularities are then obtained by an application of the (yf-global Ward identity (|3.24| ), 
using Ig in the form ( p.l5e|) . 

Using the gf-crossing matrices (|3.29c|) . Appendix A gives alternate expressions for the 
(^-blocks (|3.27|) , the analytic t-channel (^-blocks (|3.23|) and the (yf-correlators (p.37|) 



4 The Coset Constructions 
4.1 The coset blocks 

The next simplest, and next most sjTiimetric, set of conformal field theories are the g/h 
coset constructions [1,2,7,8], whose chiral correlators are defined by (^TT| ) with 

pab 

Lf/H,oo = ^ , Pa/k = Pa-PH (4.1a) 
Yg/hiy)j2V = , a = l...dim/i (4.1b) 

i=l 

where h d g. These correlators are the high-level solutions of the general coset equations 
of Refs. [15,16,14] on simple g, and the results below are the high-level form of the general 
coset blocks studied in [22,15,16,14]. 

We begin by reorganizing the high-level coset correlators ( p.l| ) as, 
y^/M = {% [11 + 2Lf^oo{T^T,' Iny + T^T^ ln(l - y))] 

(4.2) 

X [t - 2Li^{r^T,Hny + 7^7^ ln(l - y))]}" + 0{k-^) 
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where we have used ( |4.1a|) and moved the terms of the h theory to the right. 

To define the p=s, t and u-channel coset blocks, we need the (/-invariant eigenvec- 
tors v{p,g)"^, v{p,g)m of Section ^ and also the corresponding /i-invariant eigenvectors 
ipip, h), 



M 



M 



'Ms ^ 



i = 1 . . .4 , p = s, t,u 



Lt^vT^^ip, hr = Ai,^ir)^{p, hr 
d:v)^iP,hr = o , a- 



dim h 



p = s, t, u 



(4.3a) 

(4.3b) 
(4.3c) 
(4.3d) 

(4.3e) 



i=l 



whose properties parallel those of the ^f-invariants. In particular, the eigenvalue problems 
( [4.3a| -c) are compatible with the diagonalization of the h conformal weights in ( [4.3d| ) 
because the matrices Lf^T^T^ and Lf^T^Tj^ commute. The /i-global Ward identities 
( [4.3eD are also compatible with the eigenvalue problems, whose matrices are invariant. 
It then follows from the high-level form of the relation 

2Lre^,^=^f(^; + ^^)(^6^ + ^')-(^re^.^ + ^re^') , 1<^<J<4 (4.4) 

that the quantities A'^^^-^ (M) in ( [4.3a[ -c) are the high-level forms of the broken conformal 
weights of /i-irreps in the p-channel (that is, the decomposition oiT ®T' into /i-irreps). 

The /i-invariant eigenvectors also satisfy completeness and orthonormality, 

ip{p,h)Mi^{p,hr = 5^1 , ipip,hrijip,h)M = Ih , p = s,t,u (4.5a) 
[Ll'^Vr,^ , h] = , 1<^,J<4 (4.5b) 

where Ih is the projection operator onto the /i-invariant subspace of • ■ ■ T^- 

As an explicit example, we give the solution for the f/(l)-invariant s-channel eigen- 
vectors of the coset correlator 

(r^r^r^r^) = (Jl,J2,J3,J4) m 

In this case we need 



SUi2) 



(4.6) 



- ab 

^!7(l),oo 



2k 



^3 



VO 



\ 



-jij 



(4.7) 



where ipg is the SU (2) root length squared and we have taken the usual magnetic quantum 
number basis for the matrices, with = Mj, |Mj| < jj. The solution of the eigenvalue 
problem ([4.3a|) is then 

V'(s,f/(l))^' = 5>(^Mi = 0) , M={M,,M2,M,,M,) (4.8a) 
1=1 
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aS"(M) = ^^Hl±^ , aS:'(T') = ^£ ,«=1...4 (4.8b) 

where x = 2k/ipg is the invariant level of g = SU{2). For more general coset correlators 
the eigenvectors ip{s, h) are squares of products of Clebsch-Gordan coefficients times 
Clebsch-Gordan coefficients for branching of gf-irreps into /i-irreps p3|. 



Using completeness of v{g),v{g) and ip{h),%lj{h)^ we have [15,16,14] 



y^/K{y) = E diprcl%iy)J',pip, HTm (4.9b) 



where are the coset blocks. Further use of completeness gives the explicit form 

of the high-level coset blocks 

Cl;i(y)™"' = ^i''Hz/)n."e(p,^?//.)„^(J-i^)(y)-i)^^^ , p = s,t,u (4.10a) 

4'')(y)^^ = ^(p,/.)^[]i+2L;:^^(r;r,2iny+r,ir,Mn(i-y))]^(p,/i)^+o(fc-2) (4.iob) 

{^l^\y)-')N'' = V^(P, hUl - 2Lt^^{T^r,' \ny + 7^7^ ln(l - y))]^(p, + 0{k~^) 

(4.10c) 

e(p, glh^"" = Hp, 9)n^iP, h)"" (4.10d) 

where J-'^^^ are the p-channel (yf-blocks (of the affine-Sugawara construction on g) given 
in eq.( p.27| ), and e{p,g/h) is the embedding matrix of the (^-invariants v{g) in the h- 
invariants tpih). The inverse h blocks JF^^ are the inverse of the h blocks J-'h- In Ref. |p.5||, 
the exact coset blocks were written as {Cgih)m^^ = {^g)m'^{.^h^)n^^ , where (^/7^)n*^ — 
^{9 / h)n^ {J^h^)N^' in the present notation. 



The s and u-channel coset blocks in ( [4. 101) are high-level forms of analytic blocks, 
as above. To obtain the analytic t-channel coset blocks, we first use the continuation 
formulae ( p. 20]) to find the analytic t-channel h blocks JF^*"* and their inverse, 

T^\y)N'^ = ^(t, h)M[l + 2Lt^{T^[T,^ + r,3] In(-y) + T^%' In [l - )]^(t, h) 



M 



i^Piy)-%'' = ^(t, hU[l - 2Lt(T^[T,' + T,3] In(-y) + T^T.Hr. ( 1 - i ))]^(t, 



(4.11a) 



+ oik-') 

(4.11b) 

:Fi^\y) = :Fi'\y)U,iy) , Ti^\y) = J^i'\y)U,iy)-' (4.11c) 
t/.(2/)M^ = ^(t, h)M exp[-27r^L;:^^r;r,2sign(arg(-y))]^(t, hf + 0{k~') (4.11d) 
Uhiv*) = Uhiyr' , Uh{yy = Uh{yr' (4.11e) 
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whose form closely parallels that of the analytic t-channel blocks in (|3.23a)) . Here 
Uh{y) is the non-analytic unitary phase matrix of the h blocks embedded in g. Then we 
may rearrange the t-channel coset blocks as follows, 

= :F!^\y)U,{yHt,9/hmy)-'P^\y)-' (4.12a) 

= :F^'\y)e{t,g/h)U,{y)U,{y)-'P:\y)-' (4.12b) 

= [^!-\y)e{t,9/h):Fi'\y)-'] [U,{y)U,{y)-'] (4.12c) 
where we have used the fact that 

UgiyUMt, g/h)/' = e(t, 9/h)m''U,iy)p^ (4.13a) 

Ug{y)p^' ^ ^(t, h)p exp[-2mLf^^X%'sign{aTg{-y))Mt, h)"" + 0{k-') (4.13b) 

in the second step and the commutation identity ( |3.40|) in the last step. 

From ( [4.12c ), we read the form and properties of the analytic t-channel coset blocks 

= :Fj;\y)eit,g/h):Fi'\yr' (4.14a) 

c^^Uy) = c^:Uy)u,/H{y) , c^^}dy) = c^^My)u,/Hiy)-' (4.i4b) 
f/,/.(i/)M^ = f/,(i/)A/(f/.(y)-^)p^ 

(4.14c) 

= ^(t, h)M exp[-2mLf/,^^X%\ign{aTgi-y))Mt, hf + 0{k-^) 

Ug,h{yl = Ug,n{y)-' , U,,n{y)^ = Ug,n{y)-' (4.14d) 

where Ug/h{y) is the non-analytic unitary phase matrix of the g/h coset constructions. 

The limiting behavior of the analytic coset blocks C^/^^, C^g/\, C^gj^ follows from their 
form in ( [4.10a]) and ([4.14a| ), together with the results above for g and h, 



^g/h\y)m ~ ry^("^'^)2/ ^ ^ ' + o{k ) (4.i5a) 



Cg/h{y)m r)^/Um,M)(l - ?/) W ' A/jV ' + 0{k ) (4.15b) 

Mt) t \ M T-(t) / x-Af/,''(m,Af)-A«/''(ri)+A«/''(r4) , -2\ i e; ^ 

Cg/hiy)m y'^^^g/hV^^^)y~y) ' * ' + C'(/i; ) (4.15c) 

Al?(^0 = AnTO-A^,^(rO , z = 1...4 (4.15d) 

/, rAj^)(m)-Aj,)(M) + 0(A:-2) , e(p, <7//i)„*V (4.15e) 

^''^^'"'^ ll + 0(A:-i) , e{p,g/h)J^ = Q (4.15f) 

r^^'W , fe(p,<7//i)^^^ + 0(A:-2) , e{p,g/h)J^^Q (4.15g) 

^ \-e{p,g/h)m''c{p,g/h)N^ + 0{k-^) , e(p, ^^//i)^^^ = (4.15h) 
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where the matrices c{p,g/h) 

c{s,g/h)^'' = ^P{s,h)^2Lf/,^^X'TM^,h)'' (4.16a) 

c(u, g/h)^'' = ^(u, /i)^2Lf/,,^r;r,2^(u, h)'' (4.16b) 
c{t,g/h)^'' = ^{t,h)^2Lf^,^^T^%^^{t,hr (4.16c) 

are defined in analogy to those of the g theory. 

The g/h conformal weights in ( ^.15cl| ) and (4.15e) for e{p, g/h)m^ ^ are the correct 
conformal weights of the external and intermediate coset-broken affine primary fields, and 
the intermediate broken affine primary states contribute with residue 0{k^), in accord 
with the general OPE ( pT^ ). 



The (1 + 0{k~^)) conformal weights in (4.15f) are broken affine secondaries (with 
residue 0{k~^) in (4.15h)) which are not necessarily integer descendants of broken affine 
primaries; see for example the exact conformal blocks 

nnnn m (4-17) 

0(7 (nja-^+a-j 



obtained in Ref. ||15||. All the conformal weights in (4.15d-f) check against the large 



Xi = X2 = X form of these blocks. 

Appendix D studies a coset example on simple g 

in some detail. This case shows a block which begins at 0{k~'^). 

We finally note that the number Bg/h of coset blocks in each of the channels, 

Bg/h = dg-dh (4.19) 

is the product of the dimensions dg and dh of the g- and /i-invariants in any channel. In 
fact dh > dg because h G g, so that the inequality 

Bg/h > Bg (4.20) 

is obtained for comparison of correlators with fixed external gf-irreps, where Bg in ( p.28| ) 
is the number of affine-Sugawara blocks in each of the channels. The result ( [1.2U| ) is in 
accord with the intuitive expectation that the number of blocks grows with increased 
symmetry breaking. 

Crossing relations 

Following the development of the previous section we find the crossing relations for 
the embedding matrix and the (inverse) /i-blocks, 

e{p,g/hU^' = Xg{paU^e{a,g/h)n''Xh\p(r)N'' (4.21a) 
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N 

lAI 



[X,(pa) + 0(fc-2)],/(4-)(y)-i)pQ([X,(pa) + O(fc-2)]-i)Q^ (4.21b) 



where Xg{pa) are the (yf-crossing matrices ( |3.29cD and Xh{pa) are the corresponding h- 
crossing matrices, 

XhipcT)M'' = ^(p, h)MH^, hf (4.22a) 
X, i(pa)M^ = X,(ap)M^ = (X,(pa)^^0* (4.22b) 



which are also unitary. Using (|3.29b|) and ([4.21|) we obtain the crossing relations of the 
coset blocks, 



Mp) ( \ M 



[X,(pa) + 0(A:-^)]„"C(;l(y)„^ ([X,(pa) + 0{k-^)]-'^ 



N 



which involve, as expected, the crossing matrices Xg and X^ of g and of h. 
The /i-crossing matrices satisfy the same consistency relations, 

Xy,{pa)Xn{aT)Xn{rp) = X,(pr)X,(ror)X,(ap) = 1 

(I)m^ = 5^ 



(4.23) 



(4.24a) 
(4.24b) 



which were seen for the (^-crossing matrices in (|3.3CI| ). 

When the external ^f-irreps satisfy ~ T^, we find that X/j(us)^ = 1 and J^j^\y) = 
J^h\l — y), as for the (^-blocks. Together with the corresponding relations for the g- 
quantities in this case, this implies 



e{u,g/h) = e{s,g/h) , C^>) = CA(1 - y) 



and then. 



c'lii-y)J' 



(4.25) 



(4.26) 



,/.v^ - yjn. - [Xgisn) + Oik~')U-C';;,iy)J' [X,(su) + Oik-')U 

so that the s-channel coset blocks are closed under crossing in this expected. 
Using ( [4.23| ) and (|4.14b|) , we finally write down the crossing relations among all three 

,(s) ^(u) ^(t) 
■g/h^ ^g/h^ ^g/h 



sets C^/l, C^/L C^jf, of analytic coset blocks 



7(u) 



[X,(su) + 0{k-')] [X,(su) + o{k-^)\-' 



= [X,(us) + 0{k-% &l [X,(us) + 0{k-')] 



Ctl = [Xgist) + 0{k-')] C^l [X,(st)f/;/, + 0{k-^)r 



Ctl = [Xgits) + 0{k-')] C% [Ug/,X,{ts) + 0{k-')r 

ci% = [Xgint) + o{k~')] c« [x,(ut)f/;/, + o{k~')r 

(t) 

9/h 



c 



[X,(tu) + 0{k-')] &l [Ug„X,{in) + 0{k-')]-' 



(4.27a) 

(4.27b) 
(4.27c) 
(4.27d) 
(4.27e) 
(4.27f) 



where Ugjh is the non-analytic unitary phase matrix ( |4.14c| ) of the g/h coset constructions. 
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As seen above for the affine-Sugawara constructions, the phase matrix provides the entire 
0{k~^) corrections to the full coset crossing matrices in ( [4.27[ ). 



Fixed external h representations 



The crossing relations ([4.23| ) of the coset blocks mix the internal /i-irreps (M) which 
arise from different external irreps of h (that is, the /i-irreps which arise from the h- 
decomposition of the ^f-irreps T*). 

To obtain blocks characterized by fixed external irreps of h, we introduce a hermitean 
projection operator Vh = 'p(T^'^,T^'^,T^^,T^'^) to select any four external /i-irreps of 
interest, 

V^(p,/.)fV^(p,/.)^^ = (n)/ (4.28a) 
P,^(p, h)'' = ^(p, h)^6^ (4.28b) 
[Lt^VT^Wn] = [Lf^,„^T:T,\VH] = , 1<^,J<4 (4.28c) 

where M runs over the eigenvectors associated to the fixed external set of /i-irreps. The 
inverse h blocks are block diagonal under this decomposition 

= ^(p, h)M[l - 2Ll'^{r:%' In y + T^T^ ln(l - y))]^(p, hf + 0{k-') 

= ^{p, h)M[l - 2Ll'^{T^%' Iny + T^T^ ln(l - i/))]nV^(p, hf + 0{k-') (4.29) 

= ^(P, h)MVH[t - 2LI'^{T:T,' In y + T^T,' ln(l - y))]^(p, hf + 0{k-') 



where we have used the first relation in ( |4.28c| ). Then the corresponding subset of coset 
blocks is 

iC,/,)J' = {:F,)^'^e{g/h)^''{:Ff)/' = {J^,U-eig/h)J {J^^')^^^ . (4.30) 
Similarly, the /i-crossing matrices are block diagonal under this decomposition, 

Xfipa),f = ^(a, /i)m^(p, hf = ^{a, h)MVyMP. hf = 5f^,Xf{pa)^f . (4.31) 
Then, it follows from (14231) and j ^M) that 



Cl%iy)J' = [XM) + 0{k~')U-Cl%{y)f ([X,(pa) + Oik-')]-')/' (4.32) 

which shows that the selected subset of coset blocks is closed under crossing 

The selected subset of analytic coset blocks C^g^f^{y)m^' , C^//i(y)m*^ and C^g/h{y)m'^^ is 
also closed under crossing. To see this we need the fact the non-analytic coset phase 
matrix ( [4.14c|) is also block diagonal. 



Ug/H{y)M'' = StlUg/f,{y)^f (4.33a) 
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C^X^y^m'^ = ^"i/Mm^U.^iy)^^ , C« (y)^* = C%Xy)JiU,i,{y)-')N^ (4.33b) 

which follows from ( ^.1401 ) and the second relation in ( |4.28c| ) . The restricted phase matrix 
Ug/h{y)M^ is unitary in each subspace. Then, we have for example that 

CltivU'^ = X,{stU-C^l{y)^^U,„{y)/x^\si)^^ + 0{k-') (4.34a) 

= X,(st)^" [C^Mn''] U,iH{y)/x^\st)/' + 0{k~') (4.34b) 



where the last step follows from ( [4.33a| ). 

The explicit form of these projection operators can be quite complicated in the general 
case, but there are some simple, highly symmetric cases where the form of Vh is very 
simple. As an example, consider the situation when each of the four external ^f-irreps 
branches into a single /i-irrep, so that the g / h-hioken conformal weights of gf-irrep T* are 
degenerate, 

{LflKooVrX' = , 1 = 1.. A . (4.35) 

In this case, all the coset-broken components of the (/-irrep T* are on an equal footing, 
and one may choose the trivial projector 

Vh = t . (4.36) 

This is the situation, e.g., in 

T=(Ti,l) in ^^Lii^ (4.37) 
examples of which were studied in Ref. [^. Examples on simple g include 

SO{n)^ X SO{n)^ 

and the case = 3 of ( [4.38a| ) will be considered in detail in Appendix D. In ( [4.38a| ) the 
n of SU{n) is the n of SO{n) C SU (n), while in ([4.38b ) the 2n of 5*0(277) is the (n, 77) of 
(5*0(77) X 50(77)) C 50(277). As we will discuss below, these simple cases are examples 
of a more general situation in ICFT (see Section |^). 



4.2 Non-chiral coset correlators 

To construct a set of high-level non-chiral correlators for the coset constructions, we take 
the s-channel diagonal construction, 

Y,/,{V,\y\y) = E \C%{y)J'\' + 0{k-') (4.39) 

m,M 
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which shows trivial monodromy around y = 0. To see that ( |4.39| ) has trivial monodromy 
around y = 1 and y = oo, one uses the crossing relations ( [4.32D of the coset blocks to 
rewrite the coset correlator ([4 .391) in the two alternate forms, 



Y,/,{V,\y*,y) = E I C^;}l{y)J'\' + 0{k-') (4.40a) 



= T.JC^^/Hiy)J'\' + 0{k-') . (4.40b) 

m,M 

We can also use ( [4.33b| ) to express the t-channel form ( [4.40b| ) of the correlator in terms 
of the analytic t-channel coset blocks, 

Y,/H{V,\y\y) = E \cSHiy)m^U,/,{y)/^\' + 0{k-') = \C^Uy)J\' + 0{k-') 

m,N,M m,N 

(4.41) 

where the last step follows from the unitarity of the restricted coset phase matrix. 

Using completeness and the explicit form ( |4.10| ) of the coset blocks, the summed form 
of these coset correlators is 

Y,/H{V,\y\ y) =Tr {[11 + 2Lf/^^^{r^%' In y* + T^T^ ln(l - y*))]I, 

X [11 + 2Lf/,,oo(r;r,2 Iny + r^r,' ln(l - y))]V^} + o{k-') 

(4.42a) 

= Tr[(]l + 2L^^,,^(T;T,2 In \y\' + T^'T^ In |1 - ym.Vn] + 0{k-') 

(4.42b) 

where Ig is the projector onto the G-invariant subspace of ® ■ ■ ■ C?) and Vh is the 
projector onto the desired subset of external h representations. To obtain the second 
form, which explicitly shows two of the trivial monodromies, we used the second relation 
in ([4.28c| ). Trivial monodromy around y = oo is also easily seen following the discussion 
below eq.(l^). 



5 A Simple Class of Correlators in ICFT 
5.1 L{g\ iJ) -degenerate states and correlators 

In this section, we use the intuition gained in our discussion of the affine-Sugawara and 
coset constructions above to identify what we believe to be the simplest, most highly 
symmetric processes in ICFT. 

In the first place , we restrict our attention to the ICFTs with a symmetry, that is, 
to the if- invariant CFTs on g, whose inverse inertia tensors Lh satisfy 

uj{H)Lhuj{H)-^ = Lh , uj{H)eH (5.1) 
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where H C G is any subgroup of G, including finite groups and the Lie groups. The 
matrix uj{H)a is in the adjoint of g. For the if-invariant CFTs, the conformal weight 
matrix of irrep T of g and hence the broken conformal weights (T) are if-invariant, 

n{H,r)L''^%%n-\H,T)=LiiT^% , Q{H,T)eH (5.2a) 

fi(//,T)/[Af(T)-Af(T)] = (5.2b) 

where Q{H, T)^^ is in irrep T and we have used ( p.9|) to obtain ( 5.2b|) . 



In the if-invariant CFTs, we further restrict ourselves to the most symmetric broken 
affine primary fields, that is, to the irreps T of g whose L"*-broken conformal weights 
(T) = A^(T), a = 1 . . . dimT are completely degenerate 

(L^^T,T,)/ = A^(T)5^ (5.3) 

at all levels. In what follows, such irreps of g are called the L{g; if)-degenerate states 
because, in these cases, the irrep of g decomposes into a unique irrep of H. Finally, we 
restrict the discussion to the L{g] if)-degenerate processes, which are those correlators 
all of whose external states are L{g; if)-degenerate. In this sense, the L{g; if)-degenerate 
processes are the most symmetric correlators in ICFT. 

Although they are by no means generic, it is easy to find examples of L{g] H)- 
degenerate states in the if-invariant CFTs. The simplest cases of L{g; if)-degenerate 
states are all the affine primary states of all the affine-Sugawara constructions, which are 
in fact L{g; G) -degenerate. 

Examples of ^(^f; /i)-degenerate states in the g/h coset constructions include those 
mentioned in (|4.37| ) and ([4.38|) . These are RCFT examples in the Lie /i-invariant CFTs, 



and in principle many irrational examples, beyond the coset constructions, can be found 
among the Lie /i-invariant CFTs. 

Irrational examples in the much larger set of if-invariant CFTs, beyond the Lie h- 
invariant CFTs, are already known, including the irrational cases [|2^ 

T = n or n in {SU{n)x]fi (5.4a) 

r = 2n in {S0{2n)^)ti (5.4b) 

where if is a finite subgroup of SO{n) C SU{n) and {SO{n) x SO{n)) C 5*0(2^) in 
( ^.4a| ) and (|5.4b|) respectively. The case n = 3 in (|5.4a)) will be considered in detail in 



Section H. 

We should also remark that the L{g\ if)-degenerate conformal weights of the coset 
examples in ( [4.38| ) and the irrational examples in ( ^.4|) all obey the unified conformal 
weight formula, 

Af (T) = A^(T) = ^ (5.5) 

where x is the invariant level of g and c is the central charge, which is rational for the 
coset constructions and irrational for SU{n)f^ and S0{2n)%. The occurence of 
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a) L(g; if)-degenerate states 

b) a unified form of the conformal weights 

for these rational and irrational families is not totally surprising, since both families 
of constructions are contained in the same (maximally-symmetric) ansatz of the 
Virasoro master equation. 

In what follows, we will find uniform formulae for the high-level conformal blocks and 
correlators of all possible L{g; if)-degenerate processes in ICFT. 



5.2 Conformal blocks in ICFT 



We study only the class of L{g] if)-degenerate correlators in ICFT. Fig.2 shows these 
correlators generically, with one degenerate conformal weight = A^(T*), i = 1 . . .4 
for each external state. 




Fig. 2. The L{g] if)-degenerate correlators. 
In this case, the chiral correlators ( ^.11 ) take the form, 

Aniy) = 1 + 2L%^[T^T,^ \ny + T^T^ ln(l - y)] 

+ [LtooiTa' + r^){%^ + - (Af + Af )]1] ln(l - y) 

i=l 

Here we have used the high-level forms of the identities 



A^ll 



' ab 



H 



1 < i < J < 4 



(5.6a) 
(5.6b) 

(5.6c) 
(5.6d) 

(5.7a) 
(5.7b) 



to obtain the alternate form in (|5.6c|) . The statement in ( 5.7a|) is the L{g; if)-degeneracy 
of each external state. The condition ( |5.6d|) , which enforces the if-symmetry of the 
system, follows from the if-invariance of the relevant matrices 



[AH,n{H)] = 



(5.8) 



26 



and the fact that Vg, being gf-invariant, is also invariant under Q{H). 

To find p = s, t and u-channel block bases for the conformal blocks, we introduce the 
if-invariant eigenvectors ip{p, H) of the p-channel, 

'^LtjT^Vi;{,, Hr = (AJ)(M) - Af - )^(s, Hf (5.9a) 

'^Lt^r^TM^^H)'' = (Af,)(M) - Af - Af )^(u,i/)^ (5.9b) 

^LtooT^TMt^H^ = (AJ)(M) - A^ - Af )^(t,i7)^ (5.9c) 

^(p, H)mHp, Hf = < , ^(p, i/)^^^(p, i/)i = (J^,)^ (5.9d) 

Q-\H)^{p,H)^' = ^{p,H)^ , ^{p,H)Mn{H)=^{p,H)M (5.9e) 

where {luja ^'^^ projector onto the iJ-invariant subspace of (g) ■ ■ ■ ® T^. According 
to the identity (|5.7b|) , the quantities A^-)(M) are the L"^-broken high-level conformal 



weights of the broken affine primary states in the p-channel. 

We remind the reader that the correlators (|5.6| ) include all the correlators in H- 
invariant CFTs with L{g] iJ)-degenerate external states. This includes in particular all 
the correlators of all the affine- Sugawar a constructions, in which case the eigenvectors 
ip{p., H) may be taken as the (yf-invariants f (p, g) of Section ^ and all the coset correlators 
whose external states are L{g\ /;,)-degenerate, in which case the eigenvectors ?/'(p, H) may 
be identified as the invariants ip{p., h) of Section ^. 

The p = s, t and u-channel conformal blocks B^^^ are then obtained by inserting 
completeness sums in (pl6|), according to 

Ah = AhIh = Ah^{p,H)'''^{p,H)m , Vp . (5.10) 
In this way, we obtain the three expansions, 

YSiy) = E d{srB'ff{y)J'ij{s,HrM (5.11a) 

m,M 



E d{urB^^\yU^'^P{u,HrM (5.11b) 

m,M 

Y.d{trB^S{y)m''^{t,H)lj (5.11c) 

m,M 

lip) 



where the p-channel blocks Bff{y) are 

B^H\y)J' = v{p,g)^kH{y)i^{p,HY' + 0{k-^) (5.12a) 

= e(p,iJ)^^^(p,iJ)^AH(2/)^(p,/^)^' + 0(r2) , p = s,t,u (5.12b) 

AH{y) = t + 2L%^[r^%Hny + T^T,Hn{l-y)] (5.12c) 

e{p,H)^^ = v{p,g)^i;{p,H)'^ . (5.12d) 
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Here e(p, H) is the embedding matrix of the (yf-invariants in the if-invariants. 

The s and u-channel blocks B^^ and iS^"* are analytic blocks, as above, and the analytic 



t-channel blocks B^h\ 



M 



: e(t, HWij{t, H)NAH{y)Hi, Hf' + 0{k'^) 



1 



kH{y) = 1 + 2L%^{r^[%' + r^] in(-y) + r^r^xn ( i - - 



B'S{y)=B'-,>{y)UH{y) , B';,\y) = B"^^' {y)U H{y) 
UH{y)M'' = V^(t, H)m exp[-27r?L^^.^T,iT,2sign(arg(-|/))]V^(t, if)^ + 0{k-^) 



?{t) 



(5.13a) 
(5.13b) 

(5.13c) 

(5.13d) 

(5.13e) 
(5.13f) 



UH{y*) = UH{y)-^ , UH{y)^ = UH{yr^ 

are also obtained by now-familiar steps, including the continuation rules (|3.20| ). The 
quantity Uniy) in ( |5.13e| ) is the non-analytic unitary phase matrix of the L{g;H)- 
degenerate correlators in ICFT. 

The expressions (|5.12a| ,b) and (|5.13a| ,b) for the high-level analytic blocks B^^ , 
Bfj of the L{g; if) -degenerate correlators in ICFT are among the central results of this 
paper. 

To study the limiting behavior of the analytic blocks, we use the eigenvalue problems 
( ^.9|) to rearrange the blocks in each of the channels as follows, 

B^fiyU^ = e(s,if)„^V'(s,i/)iv[]l+2Lj^r;r,3ln(l - y^s, 



X [1 + (Aj.(M) - Af - Af ) \ny] + 0{k^ 



e(s,if), 



On 



^Pis,HU2L'}^r%^^l;is,Hy 



(5.14a) 
(5.14b) 

(5.14c) 



B^H\yl 



^i\y), 



M 



N 



'n 



(u,i^)^"^E 
p=i 



:i - yy 
p 



c(u, H)^'' = V^(u, H)M2LtjT^V^{n^ Hf' 



(5.14d) 
(5.14e) 



M 



1 



e(t,ii)„^V^(t, H)^[l + 2Lt,JTyr,' ^""y'y 



(5.14f) 
(5.14g) 



1=1 
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N 



oo /I \ 1 



-yy 



p=i 

c(t, ij)^^ = ^(t, H)r,2L'^j^r'rMt, nr 



0{k 



-2\ 



(5.14h) 
(5.14i) 



To obtain the form ( ^.14^1 ) of the analytic t-channel blocks we also used the ^f-global 
Ward identity on the (yf-invariants v{p,g)m, 



applied here at high level for the case p=t. 



^2 



^3 



(5.15a) 
(5.15b) 



Using the expressions in ( ^.14| ), we find the limiting behavior of the conformal blocks 



M 



B'H\y\ 



M 



4")(m, M)(l - ^)Ar.){-,A/)-Af-A3- ^ ^^^-2, 



B'Siy). 



M 



r«(m,M)(-y)-^")(^'"'"^^)-^"+^" + 0{k-') 



Ag)(m,M) 



ri^^(m,M) 



Ag)(M)+0(fc-2) 
e{p,HW + 0{k-') 



e{p,H)J''y^O 
e{p,H)J' = Q 



7^0 



-e{p,H),^'^c{p,H)^^^ + 0{k-') , e{p,H)J' = Q 



(5.16a) 
(5.16b) 

(5.16c) 

(5.16d) 
(5.16e) 

(5.16f) 



followed by integer-spaced secondaries. The blocks with e(p, H)^^^ ^ begin at OikP^ 
and exhibit leading singularities (with 0(kP) residues) whose high-level conformal weights 



Aj^-^{M) in (5^) are those of the correct broken affine-primary states in each of the three 



channels. The remaining blocks, which begin at 0{k~^), show leading singularities which 
are broken affine secondaries. As noted for the affine-Sugawara and coset constructions 
in Sections |^ and ^, this pattern is in agreement with the general OPE in ( 2.17 ). 

Further discussion of these conformal weights follows that given for the coset con- 
structions below ( [4.16| ). In particular, as noted for the cosets, the {l + 0{k~^)) p-channel 
conformal weights in (5.16e) are broken affine secondaries which need not be integer de- 
scendants of broken affine primary states. Identification of these states is therefore an 
important open problem in ICFT. 



Number of blocks 

We finally note that, for an L{g] if)-degenerate process, the number Bh of blocks in 
each of the channels 

BH = dg-dH (5.17) 
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is the product of the dimension dg of (^-invariants and the dimension dn of if-invariants 
in any channel. We know that dn > d^ > dg when if is a finite subgroup of the Lie 
group generated hj h G g, and hence we obtain the double inequality 

Bh > Bg/h > Bg (5.18) 



for comparison of correlators with fixed external ^f-irreps, where Bg/^ and Bg in ([4. 191) 



and (|3.28| ) are the number of coset and affine-Sugawara blocks respectively in any chan- 
nel. This double inequality summarizes the symmetry hierarchy within the L{g; H)- 
degenerate processes, and is in accord with the expectation that the number of blocks 
increases with increased symmetry breakdown in ICFT. 

In Appendices B and D and Section we study the L{g] if) -degenerate correlator 
3333 under the three constructions, 

• the afiine-Sugawara construction on SU{3) 

• the coset construction SU (3) / SU {2)i„ 

• the irrational construction S'f/(3)*j 

to illustrate the double inequality ( [5.18| ). As discussed below, the symmetry hierarchy 
for these three constructions is SU{3) D SU{2)ij.j. D O, where SU{2)i^^ is the irregular 
embedding of SU{2) in SU{3) and O is the octohedral group symmetry of the irrational 
construction. 



5.3 Crossing relations 



Using the completeness relations (|3.27a|) and ( ^.9d| ) of the (yf-invariant and if-invariant 
eigenvectors respectively, we verify the crossing relations among the blocks. 



M 



[Xgipa) + 0{k-')U- B^H\y)n'' {[Xnipcy) + Oik-^)]-^)^'' 



(5.19a) 
(5.19b) 

Xh\p^)m'' = XH{ap)M'' = {XH{pa)N''r (5.19c) 



where Xg{pa) is the affine-Sugawara crossing matrix defined in (|3.29|) and Xnipc) in 
( ^.19b|) is another set of unitary crossing matrices, called the ii-crossing matrices, from 
the (T-channel to the p-channel. 

The if-crossing matrices satisfy the same consistency relations 



XH{pa)XH{aT)XH{Tp) = XH{pr)XH{Ta)XH{ap) 



IM 



N 



6 



N 
M 



(5.20a) 
(5.20b) 



found for g and h in (|3.30| ) and ( [4.24|) . 
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When the external gf-irreps satisfy ~ T^, we may take 

V'(u,i/)*^ = V'(s,i/)*f , V^(u,i/)^, = V'(s,if)^; (5.21) 
and then one finds that, 

KH{y)J' = ^H{l-y)o.^ (5.22a) 

B^^\y) = B%\l - y) (5.22b) 

X/^(su) = X^i(su) = Xiy(us) (5.22c) 

where a' = {aia^a2ai) . It follows that the set of s-channel blocks is closed under crossing 

B%\l - y)J' = [X,(us) + 0{k~')U" B'H\y)n'' [Xnins) + ^(A;-^)]^^ (5.23) 

as it should be in this case. Similar relations hold when any two external states are the 
same. 



Using ( |5.19a| ) and ( 5.13d| ), we finally write down the crossing relations of the three 
sets Bff\ Bfj^Bjj of analytic blocks, 

= [X,(su) + Oik-^)] B^^^ [XH{sn) + 0{k-^)]-^ (5.24a) 

SS,") = [X,(us) + 0{k'^)] B%^ [X^(us) + 0{k~^)]~' (5.24b) 

B^S = [X,(st) + 0{k'^)] B^S [XH{^t)U-^' + 0{k-^)]-' (5.24c) 

B^S = [X,(ts) + 0{k-^)] B%^ [UHXH{is) + 0{k-^)]-' (5.24d) 

= [X,(ut) + 0{k'^)] B^S [XH{Mi)UH^ + 0{k-^)]-' (5.24e) 

B^S = [XgM + 0{k~')] [UHXH{tn) + 0{k-')]-^ (5.24f) 



where Uh is the non-analytic unitary phase matrix (|5.13e| ) of the L[g] if)-degenerate 
correlators. As seen above for the affine-Sugawara and coset constructions, the phase 
matrix provides the entire 0{k~^) corrections to the full crossing matrices in ( ^.241) . 

For the special case of the L{g\ /i)-degenerate coset correlators (with = Lgj^ and 
ip{H) = 'ipih)) the general high-level blocks (|5.12| ), (|5.13|) reduce precisely to the L{g] H)- 
degenerate subset of high-level coset blocks computed in (|4.10| ), ( |4.14|) . In the same way, 
the crossing relations ( ^.24 ) reduce in this case to the coset crossing relations in (|4.27|) . 



5.4 Non-chiral correlators in ICFT 

For the general L{g] if)-degenerate process, we construct a set of high-level non-chiral 
correlators using the diagonal construction in the s-channel blocks ( p. 12] ), 



YH{y\y) = E I (z/)m*T + 0{k~') (5.25) 

m,M 
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which shows trivial monodromy around y = 0. Using the crossing relations (|5.19| ) we can 
also express this correlator in terms of u or t-channel blocks 



YH{y*,y) = E I l3^H\y)J'\' + 0{k-') (5.26a) 



m,AI 



= E \B^S{y)J'\' + 0{k-') (5.26b) 

Tn,M 

which show trivial monodromy around y = 1 and y = oo respectively. 

The non-chiral correlator can also be expressed in terms of the analytic t-channel 
blocks ( |5.13a|) , 

YH{y*,y)= E \Bi\yU''UH{y)N''\' + 0{k-') = Y.lB^SiyU^'l' + 0{k~') (5.27) 

m,N,M m,N 

where the last step uses the unitarity (|5.13f|) of the phase matrix Uh- 

Using completeness and the explicit form of the conformal blocks, we also obtain the 
summed form of the non-chiral correlators 

YH{y\ y) =Tr{[]l + 2LtUT^%' In/ + T^'T,^ ln(l - /))]/, 

(5.28a) 

X [1 + 2L%^{T^V Iny + T^V ' v))]} + 0{k-^) 

= Tr[(]l+2L^^,^(r,ir,2ln|yp+T,iT,Mn|l-yr))/,]+0(fc-2) (5.28b) 

where Ig is the projector onto the G-invariant subspace of ® ■ ■ ■ T^. The last form 
explicitly shows two of the trivial monodromies, and trivial monodromy around ?/ = oo is 
easily seen following the discussion below eq.( p.41j ). One also sees the expected crossing 
symmetry 

YH{l-y\l-y)=YH{y\y) (5.29) 

when ~ T^. We finally note that the general L[g] if)-degenerate correlators ( p.28|) 
correctly include the L{g] /i)-degenerate coset correlators obtained from ( [4. 421) when 
Vh = l. 

Using the embedding matrices ( ^.12d|) and the iJ-crossing matrices (|5.19b| ), Appendix 
A gives alternate expressions for the blocks and correlators of the L[g] i/)-degenerate 
processes in ICFT. 



6 Blocks and Correlators in SU(3)m 

As an explicit example in irrational conformal field theory, we work out here the high-level 
conformal blocks and non-chiral correlators for a particular L{g] if)-degenerate process 
in the unitary irrational level-family |^ 

{SU{?,),)* (6.1) 
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where x is the invariant level of SU{3). For simplicity below, this construction is often 
called SU{3)fj. The construction is included in the larger maximally- symmetric ansatz 
for all simply-laced g, which was in fact the first set of ICFTs found in the Virasoro 
master equation. The closely related coset construction SU{3)x/ SU{2)4^x, which also 
resides in the maximally-symmetric ansatz, is studied in Appendix D. 

The exact forms of the central charge and the conformal weights of the 3 and 3 
representations under {SU{3)x)f.j are 



9t 

c[iSUi3).)*] 



X 



X 



2-8X + 17 



V4x4 - 28x3 + 17x2 + 160x - 128 
c 



(6.2a) 



A(7^3)) = A(7^3)) = ^ (6.2b) 

where the 3-fold degenerate conformal weights in ( |6.2b|) strongly suggest that the 3 and 
3 are L{g\ if )-degenerate representations. 

As discussed further in Appendix C, the level-family {SU{3)x)*i has a finite group 
symmetry 

H{SU{3)ti) = 0c SU{2)i,, (6.3) 

where O is the octohedral group and SU {2)ij.j. is the irregularly embedded SU{2) C SU (3). 
The degeneracy of the 3 and 3 is due to the octohedral symmetry of the construc- 
tion, which mixes all three components of each representation. Thus the 3 and 3 are 
L(5'f/(3); 0)-degenerate representations in (5'?7(3)^)*, as desired. 

For the high-level computations in {SU{3)x)tf below, we need only the high-level 
forms of the inverse inertia tensor (in the Gell-Mann basis) and the degenerate conformal 
weights, 

nh 1 f 1 a = 1,4,6 , , 

0,00 a;^2 « '^fe ' \0 a = 3,8,2,5,7 ^ ' 

c = 3 + 0{x-^) (6.4b) 
AO(7^3)) = A«(7^3)) = ^ + 0{x-') (6.4c) 

which identifies P*^^ = 6aSab as the high-level projector of SU{3)fj. Moreover, we will 
consider only the L{SU{3); 0)-degenerate process 3333 in SU{3)tj, 

r' = r' = T^s) , r' = T' = r^^) (6.5) 

shown schematically in Fig.3. The matrix irrep of the 3 and 3 in the Gell-Mann basis 
are given by, 

^3) = -^^a , 7^3) = -^^^ (6-6a) 

\ \T /~^« a = 3, 8, 1,4, 6 
[ Xa a = 2,5,7 
where A^, a = 1 ... 8 are the Gell-Mann matrices. 
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Fig. 3. An L(5'f/(3); 0)-degenerate correlator in SU{3)fj. 



To compute the high-level blocks in the s-channel, we need to solve the eigenvalue 
problem (|5.9a|) for the s-channel 0-invariant eigenvectors ijj{s,0), which reads in this 
case, 

hi E A^A^ + l]l]/v^(s,0)*^ = Ag)(M)^(s,0)f 



2^ a=t 



X 



n(c^z%/'^(s,0)f = V^(s,0)*^ , 1 = 1,2 



i=l 



(6.7a) 
(6.7b) 

(6.7c) 
(6.7d) 



The matrices Ui and uj2 which appear in the 0-invariance condition ( |6.7b| ) may be taken 
as the generators of O. 

After some algebra, one finds the following orthonormal set of s-channel eigenvectors 
ipiSjO)^'^ and their eigenvalues A^-j(M), 





f 


1 






Ui = exp(i7rA2/2) = 


-1 














ij 








( ° 


-1 0\ 


exp(z7rA5/2) exp(z7rA7/2) 










1 














1 



(6.8a) 



1 



'?/'(s, 0)q, ^ /-^[Saias^a2a4 ~l~ ^0104^0203 26 ^102^ 0304^ 0103] 1 ^(s)(2) 2^ (6.8b) 



2VS 



3V2 



(3) = £: 



V^(s, 0)1, = (^(s, 0)J^)*/" = ^'(s, 0)f 



1 



(6.8c) 

(6.8d) 
(6.8e) 



where the last relation says that the left and right eigenvectors coincide in this case. 

In ICFT, the high-level fusion rules [16,14] of the broken affine primaries follow the 
Clebsch-Gordan coefficients of their corresponding matrix irreps, so the s-channel should 
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show the exchange of broken affine primary states corresponding to the vacuum and the 
adjoint representation, 

3®3 = l©8 + 0(A;-i) . (6.9) 

Indeed, the first conformal weight in ( |6.8a]) is the conformal weight of the vacuum, and 
the other three high-level conformal weights in ( |6.8b[ -d) are precisely the high-level form 
of the three degenerate subsets of broken conformal weights of the adjoint (see Appendix 
C). 

Similarly, we can solve for the u and t-channel eigenvectors, which are given by 



^(u,0)*^ = 7A(s,0)^^ 



2^3 



Af,)(M) = A^)(M) 



2^4 , 



Af?)(M) = --Ag)(M) 



(6.10a) 
(6.10b) 



where 2^3 and 2 4 mean respectively a2 as and 02 ^ 0^4 in the explicit 
expressions of the s-channel eigenvectors ( |6.8| ). The result in ( |6.10a| ) is in accord with 
( ^.21| ) since ~ T^, so that the u-channel conformal weights are identical to the ones 
in the s-channel. The conformal weights found in the t-channel. 



Ag)(M) 



,2311 



(6.11) 



are also in agreement with the conformal weights of broken affine primaries in the known 
high-level fusion rule 

30 3 = 6©3 + 0(A;-i) . (6.12) 

In particular, the last value in (|6.11| ) is the completely degenerate conformal weight of 
the 3 and the first three coincide with the three degenerate subsets ( |C.llb ) of the 6, 
according to the high-level form (|C.13a| ). 



Using eg. ( |5.19bD , the high-level s-u and s-t 0-crossing matrices are computed from 
the eigenvectors as 



Xo(us)Af^ =V(u,0)^V(s,0) 



Xo(ts)M^ = ^(t,0)^V(s,0)^ 





( ^ 


2^3 


-2V2 


2VS\ 


1 




3 




-3 


6 


-2V2 


Vq 


4 


Vq 




\ 2^3 


-3 




3 ; 


/ 


2 




-2V2 






2^3 


3 




3 




-2V2 


Vq 


4 


-Vq 


V 


-2v^ 


3 




3 / 



(6.13a) 



(6.13b) 



which are orthogonal and idempotent matrices in this case. The third 0-crossing matrix 

Xo{nt) = Xo(us)Xo(ts) (6.14) 



follows from the consistency relation (|5.20| ). 
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For the crossing of the blocks one also needs the high-level affine-Sugawara crossing 
matrices ( p.29c| ) for g = SU{3). The p-channel S'f/(3)-invariant eigenvectors and the 



corresponding crossing matrices are 

V{S,SU{3))1 = ^6a^a2Sa:ia4, (6.15a) 

v{s, SU{3))^ = 0103^0204 ~ —^0102^0304] (6.15b) 

vin, 5f/(3)) = vis, SU{3))\2^3 (6.15c) 

v{t, SU{3))1, = -—7=[S 60204] (6.15d) 
/V6 

v(t, SU(3))^ = [60102^0304 6010360204] (6.15e) 

Xsui3)insU'' = vin,SUi3)rvis,SUi3)r = ^2^2 ^^'^^^^ 

X5^(3)(ts)„" = v{t,SU{3)rv{s,SU{3)r = l{^ ^) (6-15g) 

where the labels V, A stand for vacuum and adjoint irrep, and 6, 3 for symmetric and 
antisymmetric irrep. The third (^-crossing matrix is given by X5[/(3)(ut) = X5[/(3)(us) 

^sr/(3)(*^)- 



Finally, we write down the 8 high-level s-channel conformal blocks ( |5.12| ) of the 3333 
orrelator in S'?7(3)f/, 

i3g^(y)rn'' = e(s,0)™^[l + (Ag)-^-l)lny+(Qg,)-l-l)ln(l-y)]^^^ + 0^^^ (6.16) 



where {1)n^ = 6^ and 



e(s,0)^^^ = t;(s,^[/(3))'"V^(s,0)^^= Q (6.17a) 



(Ag.)^.^ = Ag.(M)<5^ , Ag.(M) = A«(M) = (0, -,-,-) (6.17b) 



1 3 3 

/ 12 -4^3 \ 

4^3 9 V6 -3 

V6 12 3^6 



iQU)N'' = E^o(us)^^Af,)(L)Xo(us)z.^ = ^ 

V -3 3^6 9 / 

(6.17c) 

Here we have used the alternate expression ( |A.9|) for the L{g; i^) -degenerate blocks in 
Appendix A. The u and t-channel blocks can be computed from the s-channel blocks 
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above using the crossing relation (|5.19| ) and the exphcit forms of the crossing matri- 
ces X5[/(3)(us), X5[/(3)(ts) in ( |6.15| ), and Xo(us), Xo(ts) in ( |6.13| ). Moreover, using the 
exphcit form of the non-analytic phase matrix ( ^.ISep for this process, 



Uo{y)M'' = E^o(ts)M''exp (^-7rz[Ag)(L) - -]sign(arg(-y)) j Xo(ts)i^ + 0{x-^) 

(6.18) 

the analytic t-channel blocks follow from the crossing relation ( [5 .2411 ) 

Using ( |5.16a| ,d-f) we obtain the following limiting behavior as ?/ — > for the 8 s- 
channel blocks ( |6.16[ ) of this correlator, 

~ rgH^,M)y^">^"'*'^"'^' + (^(^~^ , m = V,A , M = l,2,3,4 









(6.19a) 


Ag)(\/,1) = + O(x-^) , 


Ag)(A2) = 




(6.19b) 


Ag)(A3) = ^ + 0(x-^) , 


A?) (A 4) = 




(6.19c) 


Ag)(\/,2) = l + 0(a;-i) , 


Ag)(Al) = 


= l + C(a;-^) 


(6.19d) 


Ag)(\/,3) = 0(a:°) , 


Ag)(F,4) = 




(6.19e) 




^ 

-1 iVey 




(6.19f) 



The explicit form of these residues was obtained using ( ^.16d|) , the embedding matrix 
( |6.17a| ) and the relation c(s, O) = Qg^) — ^ ■ 1. 



The four conformal weights in ( 6.19b ,c) are the broken affine primary states in 
whose residues are 0{x^) in accord with the general OPE in (|2.17| ). The two conformal 
weights in ( |6.19d| ) are broken affine secondary states (with residues which are 0{x~^)) 
which are not necessarily integer descendants of broken affine primary states. The con- 
formal weights in (|6.19e| ) cannot be determined through this order because their residues 
Tq^ are zero through (9(a;~^), and indeed these entire blocks begin at order 0{x~'^), 

BoivV , Bo{y)v' = 0{x-^) (6.20) 

a phenomenon also encountered in the coset example of Appendix D. To see (|6.2CI| ) directly 
from i ^M ) note that, for these blocks, e(s,0)^^ = and e(s, 0)^^(Qg„))iv*^ = 0. In 
the u-channel we also find two blocks which begin at (9(x~^), while in the t-channel there 
is one such block. 

In agreement with (|5.17| ), the number of blocks for this L{SU{?>); 0)-degenerate pro- 
cess is 

5o = 2 • 4 = 8 . (6.21) 
Because of the increasing symmetry breakdown, 

O C SU{2\„ c SUi?,) (6.22) 
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the number ( |6.21|) is larger than the number of blocks 



B 



SUi3) 



2-2 



B 



SUi3)/SUi2) 



2-3 = 6 



(6.23) 



for the same correlator under the affine-Sugawara construction (see Appendix B) and 
the closely related coset construction studied in Appendix D. Taken together, (|6.21|) and 
( |6.23| ) are an illustration of the double inequality ( ^.ISp . 

Using eqs. (|A.13|) , (|A.14|) we also find the following expression for the high-level non- 
chiral correlators of SU{3)fj, 



ro(2/*,2/)=E^(s,o)M*ni + (Ag) 



M 



1 

X 



l)ln|y|2 + (Ag)-^-l)ln|l-y 



i?(s,O)M'^ = E(e(s,OV*0*e(s,O), 



N 



/I 




Vo 





3 



X 



-1^6 

1 



2i M 

\m 



+ Oix-') 
(6.24a) 

(6.24b) 



where we have used Xo(us)i?(s, O)Xo(us) = E{s,0) and the diagonal s-channel con- 
formal weight matrix Ag^ is given in ( |6.17b|) . This result explicitly shows the crossing 
symmetry ( |5.29| ), as it should since ~ in this case. 

We finally remark that the high-level blocks and correlators of the K-conjugate theory 



SU{3)/SU{3)* 



Lsu{3) — L 



(6.25) 



can be easily obtained from the results above, by substituting everywhere the K-conjugate 
conformal weights A(T) = A^(T) — A(T) for the conformal weights A(T). Moreover, 
the results above can easily be extended to the L{g] if)-degenerate correlators nnnn in 
the larger family of ICFTs called SU{n)f^ in this case, the number of i7-invariant 
tensors stays the same, with closely analogous forms for all the more general results. 



7 Conclusions 

The generalized KZ equations of ICFT provide a uniform description of the chiral corre- 
lators of rational and irrational conformal field theory, and the solution of these equations 
is known at high level on simple g. The apparent simplicity of this result is deceptive, 
however, because the solution describes a vast variety of generically irrational conformal 
field theories ranging from the most symmetric (the RCFTs) to totally asymmetric (the 
generic ICFT). 

In this paper, we have begun the resolution of the high-level chiral correlators into 
high-level conformal blocks and non-chiral correlators, beginning with the simplest and 
most symmetric classes. 

In particular, we began by working out the high-level blocks and correlators of all the 
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• affine-Sugawara constructions on simple g 

• coset constructions on simple g. 

Both results are new, and the results for the cosets are apparently inaccessible by other 
methods. 

Based on this analysis, we then identified what we believe to be the simplest and 
most symmetric class of correlators in ICFT. These are the 

• L{g; if)-degenerate processes in if-invariant CFTs on simple g 

which are those correlators whose external states have entirely degenerate conformal 
weights Aq, = A. This class of correlators includes all the affine-Sugawara correlators, 
a highly-symmetric subset of coset correlators and a presumably large set of irrational 
correlators, examples of which are known. 

For this simple class of correlators we were able to find the general expression for the 
high-level blocks and non-chiral correlators, and we worked out an irrational example 
with octohedral symmetry on SU{3). 

Our results emphasize that the L{g; iJ)-degenerate correlators are a very special class 
of correlators indeed, since they have a finite number of conformal blocks (at least in 
the semi-classical approximation), whereas the generic correlator in ICFT is expected to 
involve an infinite number of blocks. We are intrigued to find that ICFT resembles RCFT 
in this simple domain, and we are optimistic that the simplicity of the L{g] if)-degenerate 
correlators can provide a foothold for further exploration. 

Additional information is needed, however, to go beyond the leading orders of the 
L(5f;if)-degenerate processes in ICFT. The central question here is whether the number 
of conformal blocks remains finite, as we found in the semi-classical approximation, or 
increases with the order of k~^. At finite values of the level, one will also need to consider 



the roles of the affine cutoff [4,15] and fixed-point resolution p5 . 

The more immediate open direction is to find the high-level conformal blocks of 
irrational correlators beyond the set of L{g; if)-degenerate processes. An ever-increasing 
number of blocks is expected here as one confronts the progressively larger symmetry 
breakdown of ICFT, signalled by the L^^'-broken conformal weights Aq,. 

In this direction, we remind the reader of the known singularities of the invariant fiat 
connections W which govern the exact (finite level) correlators of ICFT. For example, it 
is known that |^ 

j (^^^c^^^^^bU" + C'(A;-2) (high k) (7.1b) 
- I (2L2^727?W! (L(^; iJ)-degenerate) (7.1c) 
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where u and u are the variables of the theory and its K-conjugate theory respectively. 
The result (7.1a) shows the apparently non-Fuchsian dependent shielding factor, 
which is hidden in the high-level limit (7.1b), and which simplifies to unity at all levels, 
shown in (7.1c), for the L{g\ if) -degenerate processes. We believe that this phenomenon 
underlies the simplicity of the class of L{g\ if)-degenerate processes in ICFT, and it 
may be necessary to consider this factor in the physical interpretation of the high-level 
logarithmic singularities of correlators beyond the simple class we have considered here. 
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Appendix A: Alternate expressions for blocks and correlators 

In this appendix, we use the relevant crossing matrices to give alternate expressions for 
the conformal blocks and correlators of any set of external states in the affine-Sugawara 
constructions (see Section ^ and of any L{g] if)-degenerate process in the more general 
if-invariant CFTs (see Section^). 

Affine-Sugawara constructions 

We begin with the p-channel affine-Sugawara blocks in (|3.27|) , 

(2/)„." = v{p, gU^ + ^Lf^^ir^r,' In y + r;r,3 ln(l - y))]v{p, gT + 0{k~^) . (A.l) 

Using the definitions ( p.2|) , (|3.15|) of the (/-invariant p-channel eigenvectors v{p,g) and 
the (/-crossing matrices Xg in (|3.29c|) , we have the (/-crossing relations, 

vip,g)m = Xgipcr)m''v{a,g)n , vip,gr = via,grXgiap)^^ . (A.2) 

Using these relations, we obtain the alternate form of the affine-Sugawara blocks, 

•^f = [1 + {QU - + ■ 1) 1^1/ 

(A.3) 

+ iQU - (A^^^) + A^r^)) ■ 1) ln(l - y)W' + 0{k-') 
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where 



(Af.V" = Af.(m)5« , p = a 



and A^^^(m) are the p-channel affine-Sugawara conformal weights in (|3.2| ) and (|3.15|) . 

We also give the corresponding alternate form of the analytic t-channel affine-Sugawara 
blocks (|]23D, 



•^f = [1 + (Qt) + Q?tu) - (2AnT^) + A^T^) + A^(T=')) • 1) In(-y)) 

+ (Qf,,) - (A^(r^) + A^(r=^)) • 1) In [i - ^^u- + 

= [1 - (Q?tt) + (A^^^) - A^r^)) ■ 1) In(-y)) 

+ (Q?tu) - (A^(^') + A^^')) ■ 1) In (l - ^)]^" + 0{k-') 



(A.5a) 



(A.5b) 



where Q^^y cr = s, t,u is given in ( |A.4| ). Here, the second form ( |A.5bD follows from 
( |A.5a| ) using the p=t form of the conformal weight sum rule, 



A?,) + X,{pa)Al^X,{ap) + X,(pr) Aj,)X,(rp) = (^^ A^'(r) j -1 , p^a^r^p 

(A.6) 

which is itself a direct consequence of the (^-global Ward identity (|3.24|) . 

Substitution of the alternate forms ( |A.3| ) of the affine-Sugawara blocks in the ex- 
pression (|3.37|) for the affine-Sugawara correlators then gives the corresponding alternate 



form for the non-chiral correlators, 

Yg{y\ y)J = E[i + (QU - (^'(^') + ^'(^')) • 1) 1^ 1^1 



+ (Ql^^ - (A^(Ti) + A^iT')) ■ 1) In |1 - y\\r v{p, g)-v{p, gt + 0{k-') 

(A.7) 

which explicitly shows the trivial monodromies around ?/ = 0, 1 and oo. 



L{g; if) -degenerate processes 

Following the development for the affine-Sugawara constructions above, we may find 
similar alternate forms for the blocks and correlators of the general L{g\ if)-degenerate 
process. 

Using the definitions (|5.9| ) of the if-invariant eigenvectors ip{p., H) and the if-crossing 
matrices Xh in ( p.l9| ), we have the if-crossing relations. 



^lj{p,H)M = XH{pa)M''^{cj,H)N , ij{p,HY' =^{a,HYXH{ap)N''' • (A.8) 



41 



Using these relations in the expressions ( ^.12b|) for the blocks, we obtain the following 
alternate form of the L{g] /7)-degenerate blocks, 

B^PivU'^' = e(p, HU'^ll + {Qf^^ - (Af + Af ) • 1) Iny 

(A.9) 

+ (Qfpu) - (Af + Af ) • 1) ln(l - y)]^'' + 0{kr') 
where e(p, if) are the p-channel embedding matrices (|5.12d| ) and 



(A. 10) 



l-LjAf — Ojvf , \S!{pa))M — \ , \ L\H (T\V ( \ N i 

[ELXH{p(r)ArA(i){L)XH{(rp)L'^ , p^a 



with A^^(M) the p-channel conformal weights in (|5.9| ). These results include all the 
correlators of the affine-Sugawara constructions and all the L{g; /i) -degenerate processes 
of the g/h coset constructions. 

We also give the corresponding alternate form for the analytic t-channel blocks 

(ini). 



Bi\y)m'' = e(t, HU^'ll + (Qf,) + Qj,) - (2Af + Af + Af ) ■ 1) ln{-y)) 



(A.lla) 



+ (Qm - (Af + Af ) ■ 1) In - ^jU'' + Oik-') 

= e(t, HU^'ll - (Qf,,) + (Af - Af ) • 1) \ni-y)) 

+ (Qf,) - (Af + Af ) ■ l)ln (^1 - ^-^U^^ + 0{k-') 

(A.llb) 

where Qf^.), o" = s, t,u is given in ( |A.1CI| ). Here, the second form ( [A.llbp follows from 
( |A.lla| ) using the p =t form of the conformal weight sum rule in L{g; if)-degenerate 
processes, 

e(p, H)[Af^^+XHipa)Af^^XHiap) + ^^(pr) Af )XH(rp)] 

4 (A.12) 
= e(p,if)EAf , p^a^T^p 

i=l 

which is itself a direct consequence of the (^-global Ward identity (|5.15|) . 

Finally, we give the corresponding alternate form of the non-chiral correlators ( |5.25| ), 
using the expression ( |A.9|) for the blocks, 

Yiy\ y)=Y: Eip, H)m''[1 + (QL. - (Af + Af ) ■ 1) In \y\' 



M,N 



{Qf. - (Af + Af ) • 1) In |1 - y| + 0{k- 



(A.13) 

where 

E{p, H)m'' = E(e(P, H)^''reip, if)™^ • (A.14) 
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This form of the correlator exphcitly shows the trivial monodromies around y = 0, 1 and 
oo. 



Appendix B: Comparison with the blocks of Knizhnik and Zamolodchikov 

In this appendix, we check our high-level affine-Sugawara blocks ( p.l2|) , (|3.17|) and 
( p.23| ) against the exact blocks obtained in Ref.]^ for the 3333 correlator on SU{3). 

To find the explicit form of our high-level blocks in this case, we need first the high- 
level form of the affine-Sugawara construction on g = SU{3), 



Ltoo = (B.l) 



where ipg is the highest root of SU{3), x is the invariant level of affine SU{3) and we 
have used the Gell-Mann basis. The matrix irreps of the 3 and 3 are given in ( |6.6D and 
the corresponding high-level conformal weights are 

A^T^s)) = A^(7^3)) = ^ + (^(x-^) ■ (B.2) 

Using the p-channel invariants in ( |ti.l5a| -e) in the eigenvalue problems ( |3.2a| ) and ( |3.15a| ,b), 
we also obtain the high-level intermediate p-channel affine-primary conformal weights, 

(m) - I = ° + ' = ^ p-sn (B 3a) 

^^^'^^-{Anr,,,) = ± + 0{x-^) , m = 3 ^^-'^^ 
where m = {V, A) labels the vacuum and adjoint representations in the s and u-channels 
and m = (6, 3) labels the symmetric and antisymmetric representations in the t-channel. 

Finally, we use the corresponding crossing matrices (|6.151| ,g) to compute the matrices 
c{p,g) in ( pA2BD , (|3Trd[ ) and ( [OMD , 



cis,g) = cin,g) = X,(su)[A^^^) - A . i]x,(us) = ^ ( _2 ^2 -7^) ^^'^''^ 
c(t,.) ^ X^Mi^U - i ■ W) - ^ (3-^ ) (B.4b) 



where 1 and A^^-j are defined in ( [A .41) . With these data we obtain the explicit form of 



our high-level blocks for the 3333 correlator. 



[B.5a) 

^i"Hl/)™" = ^f (B.5b) 
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(B.5c) 

where m = {V, A) in ( p.5a| ,b) and m = (6, 3) in ( p.5c|) . The relation ( p.5b| ) is in accord 
with ( |3.33c|) , since ~ in this case. 

We wish to check our high-level blocks (p.5| ) against the exact results obtained by 
KZ, who, however, use a different basis for the 5'f/(3)-invariant tensors, 

^1 id) ~ ^aia2^a^a4 i "^2 id) ~ ^010-^^0204 ■ (-^-6) 

Comparing these invariants with our Clebsch basis (|6.15a| -e) of SU (3)-invariants, we learn 
that the basis transformation of our p-channel blocks (p.5|) to the KZ basis is. 



dmJ'^/\y)m' = T^/\y)m''LJ , ^"^ = ^(_^ ' m = V,A , p = s,u 

(B.7a) 

c^^^f (z/U = -^f , M-' = Y^[^ ' "^ = 6,3 (B.7b) 

where n = 1,2 labels the KZ invariants, the normalization constants dm are arbitrary 
and the blocks !F'f'^\y)m^, ^f^iv)™.^ are the KZ blocks. More explicitly, our prediction 
for the high-level analytic KZ blocks is then, 

^«(.)™'-(; _°3)+s(T -3)'"^+s(; -^^^^(^-y)^o(.-^) m-^) 

Ft''(yW = TfHi-yU>' (B.8b) 



(B.8c) 

where we have chosen the particular values of the normalization constants 

= ^ ' = ' = ^ ' = ^ ^""-'^ 

with some pedagogical foresight. 

To check that these blocks are precisely the high-level limit of the KZ blocks on SU (3), 
we recall the exact form of the s-channel KZ blocks ^jf'\y)m^ on SU{3) [Q, 

^ l^i-2A«(T(3))(i _ ^)A^(A)-2A«(r(3))^(i + A, 1 - A, 2 - 3A; y) (B.lOb) 
= ^AnA)-2A«(T(3))^^ _ ^)AnA)-2A«(r(3))^^2A,4A, 1 + 3X;y) (B.lOc) 

44 



^W(^)/ = _3^AnA)-2A«(r(3))(i _ ^)AnA)-2A«(r(3))^(2A,4A,3A;y) (B.lOd) 

A^(7^3)) = TT^^ , A\A) = A^T^s)) = ^ , (B.lOe) 

where m = V,A label the vacuum and adjoint blocks, A^(7(3)) is the conformal weight 
of the 3, A^{A) is the conformal weight of the adjoint representation and F{a,b,c;y) is 
the hypergeometric function. Using the high-level expansions, 

■y\=l--\n{l-y) + 0{x-^) (B.lla) 



x + dx + ex + f I cx 



\x + d X + e X + f 
a ^ b ^ c \ ^ a 



^ l + ^-;y]=l + Oix-^) (B.llb) 



l + ^,l + ^-;y\=l--\n{l-y) + 0{x-') (B.llc) 
\x + d X + e X + J J X 

y X + d X + e X + J J y 
one finds that the high-level limit of (|B.10|) agrees precisely with the predicted form 
in ( p.8a|) . For the u-channel the check follows the same steps, with the replacement 
y ^ 1 — y everywhere. 



To continue the s-channel KZ blocks ( |B.10|) to the t-channel, one uses the standard 
continuation formula [p6l 



F{a, b, c; y) = ~" (-i/)-"F(a, 1 - c + a, 1 - 6 + a; -) 

V[b)T[c-a) y 

+ If^^^^"" ~ ^1 {-y)-'Fib, 1 - c + 6, 1 - a + 6; -) , |arg(-y)| < vr . 
T{a)T{c-b) y 

(B.12) 

According to the expansions (p.ll| ), the high-level limit of this formula in the cases of 
all four blocks in (|B.10|) is 

ln(l-t/) = ln(-|/)+ln(^l-i^ , |arg(-|/)| < vr (B.13) 

and this limit is identical to the first continuation rule ( p.20a| ) used in the text. To 
continue the factors in front of the hypergeometric functions, we use the relations 

(1 - = (-yr (^1 - (B.14a) 

/= (-l/)^exp[-i7r/5sign(arg(-y))] (B.14b) 
which are equivalent, finite forms of the continuation rules ( p.20a| ,b). 
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Factoring out the non-analytic phases generated by (p.l4b| ) (which then appear in the 
crossing matrices to the t-channel), we find the finite-level form of the analytic t-channel 
KZ blocks, 

^t\y)^' = 1 - - F(4A, A, 1 + 2A; -) (B.15a) 

^ \ y y 



/ s A9{A)-2A9(r(3)) 

^^'\yh' = i-y)-'''^^''^^ ( 1 - -1 i^(4A, 1 + A, 1 + 2A; -) (B.15b) 



•^f (y)3' = (-y)-^^^""®^ 1 - - i^(2A, -A, 1 - 2A; -) (B.15c) 

\ yj y 



I s A9(A)-2Af(r(3)) 

•^i*nz/)3' = -(-y)-^^(^(S)) 1 - - F(2A, 1 - A, 1 - 2A; -) (B.15d) 

^ \ y) y 

^'(^6)) = 7^^^ , A^(7^3)) = A^T^s)) = TT^^ , A = ^ . (B.15e) 
3(a; + 3) 3(x + 3) s + 3 

The high-level forms of these blocks agree precisely with our prediction ( p.5c|) . 

For completeness, we finally give the finite-level forms of the s-channel blocks T'^^^ iy)m^ 
in our Clebsch basis, 

:Ff\y)y^ = ^0^/'"""'^^'''^^ - + A, 1 - A, 2 - 3A; y) (B.16b) 

^W(y)^^ = yA«(A)-2A«(r(3))(i_^)A«(A)-2A«(r(3))^(2A,4A,3A;i/) (B.16c) 

-^f (y)A^ = ^(^^^'^^^^^^^'^^^""'^'Hl - + 2A, 1 + 4A, 2 + 3A; y) 

(B.16d) 

A^(7^3)) = TT^^ , A^A) = A^T^s)) = ^ , A=^ (B.16e) 

3{x + 3) X + 3 X + 3 

which are easily obtained from the s-channel KZ blocks ( p.lO|) and the basis transforma- 
tion (p.7a| ). The basis transformation gives two of these blocks as linear combinations of 
two hypergeometric functions, which we have then combined into a single hypergeometric 
function using Gauss' contiguous relations. 

The exact blocks ( B.16| ) also show quite explicitly the high-level pattern discussed in 
the text for the general affine-Sugawara blocks in our Clebsch basis: the diagonal blocks 
begin at order 0{k^) with leading singularities which are affine primary states, while the 
off-diagonal blocks begin at 0{k^^) with leading singularities which are affine secondary 
states. Moreover, one sees that the conjectured result ( |3.14| ) for the exact conformal 
weights of the general blocks is indeed correct in this case. 



Appendix C: The level-families SU(3)^ and SU(3)/SU(2)i 
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In this appendix we review [24,17] various results for the unitary irrational level-family 

(5f/(3).)# (C.l) 

and the closely-related level-family of the coset construction 

SU{3) SU{3)^ 



(C.2) 



both of which occur in the maximally-symmetric ansatz on SU{3). SU {2)i„ denotes the 
irregularly embedded SU{2) subgroup of SU{?>) generated by ^2,5,7- The results given 
here are used in Section and Appendix D. 



In the (Cartesian) Gell-Mann basis (|6.6|) , the maximally- symmetric construction 
{SU{3)^)ti has the form [|4| 




= -^^-^-^ ' ^a={^h a = 2,5,7 (C.3a) 

T = Y2 ^M-^' + Jl) + Wl + Jl + J7) + UJl + Jl + 4)] : (C.3b) 

c = x(24 + 34 + 34) (C.3c) 

where T is the stress tensor, xl)g is the highest root of SU{3), x is the affine level and 
c is the central charge. The exact form of c is given in (|6.2a]) , but we refer to |2^ for 
the exacf^ forms of the coefficients £c,/i,r- The construction above includes the coset 
construction SU{3)/ SU{2):i„ as a special case when the further symmetry relation 

4 = 4 = ^g/h (C.4) 

is obeyed. 

S'[/(3)*j is an if-invariant CFT with symmetry group ||T7| 

H{SU{3)ti) = 0= octohedral group C SU{2)i„ (C.5) 

where O is the octohedral group (rotational symmetry group of the cube, with order 
24) and SU {2)i„ is the irregular embedding of SU{2) in SU{3). The octohedral group 
includes the elements 

TT TT TT 

fi(2) = exp(i^=J2(0)) , f2(5) = exp(i^=J5(0)) , VL(j) = exp(i^= 77(0)) (C.6) 



where Ja(0) are the zero modes of the currents Ja, and in particular we may take the two 
elements uji and LJ2, 

uji = f2(2) , UJ2 = f2(5)f2(7) (C.7) 
'^The relation to the notation of Ref.[|| is 4 = 3A, 4 = (L_ - L+)/2 and 4 = (L_ + L+)/2. 
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which satisfy 

uj^ = l , ujI = 1 (C.8a) 

UJ\Ijj\ljJi = UJ2 , ijJ\ijJ2'jJ\ = 002^1^2 (C.8b) 

as the generators of the octohedral group. 

The coset construction SU {?>)/ SU {2)i„ has the larger Lie group symmetry 

H{SU{?>)/SU{2);,,) = 5f/(2)i„ (C.9) 

because of the symmetry relation ( |C.4| ). 

The 3 and 3 are L{g; if)-degenerate irreps of SU{3)ti and SU{3)/ SU{2)i„ with com- 
pletely degenerate conformal weights, 

A(7^3)) = A(7^3)) = ^ (3) (C.IO) 

where the number in parentheses denotes the degeneracy. 

For {SU{3)^) one also finds the L^^-broken conformal weights of the 8 (adjoint) and 
6 (symmetric), 

[4 + 1(34 + 4) (3) 

A(7^8))= 1(4 + 4) (2) (C.lla) 

[4 + 1(4 + 34) (3) 
r 1(24 + 34) (1) 
A(7^6)) = A(7^6)) = |4+|(4 + 4) (3) . (C.llb) 

i §4 + ^(34 + 4) (2) 

These forms show that the 8 and the 6 each split into three subsets of degenerate weights, 
in agreement with the block analysis of Section ^. 

For SU{?>)x/ SU{2)ix the splitting is reduced to two subsets. 



1(4 + 4/0 (5) 

1(4 + 54/,) (3) 



A,/,(7^e)) = A,/,(7^g)) = ( 3 (C.12b) 



according to (|C.4|) and ( |C.11|) . These forms are in agreement with the coset block analysis 



of Appendix D. 

For the computations of Section ^ and Appendix D, we need the high-level forms of 
the two constructions, 

(5t/(3),)# :4 = - + 0(x-') , 4 = 4 = 0(x-') , c = 3 + 0(a;-^) (C.13a) 

X 

a,,h = - + 0{x~^) , 4 = 0(x-^) , c=h + 0[x-') (C.13b) 
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which can be used with ( |C.1CI|) , (|C.11|) and ( p.l2|) to obtain the high-level forms of all 
the quantities discussed in this appendix. 



Appendix D: Blocks and correlators in SU(3)/SU(2)i 



As an explicit example in rational conformal field theory, we work out in this appendix 
the high-level conformal blocks and correlators of a particular L{g; /i)-degenerate process 
in the level-family of the coset construction 

^ ^ SUjS), ^ SUjS) 

h SU{2)4^ SU{2)i„ ^ ■ ^ 

which is included in the family of coset examples ( |4.38a| ). 

This level-family has the Lie symmetry SU {2)i„, and the 3 and 3 representations are 
L{SU{3); ^f/(2)i„)-degenerate. 

For the high-level computations in S't/(3)/S'f/(2)irr below, we need the high-level 
form of the inverse inertia tensor (in the Gell-Mann basis) and the degenerate conformal 
weights. 



- f) - r ^ = 3,8,1,4,6 

5 



A^/'iris)) = A^/'^(7^3)) = ^ + 0{x-') (D.2b) 

and we will consider here the same process, that is 3333, which we studied for the 
affine-Sugawara construction and the irrational construction SU{?>)% in Appendix B and 
Section 6 respectively. 

To compute the high-level blocks in the s-channel, we need to determine the s-channel 
eigenvectors tpis, SU{2)) from the eigenvalue problem (|5.9|), which reads in this case, 



— E Xl\l + ^t]a'^{^.SU{2))f = Af{M)ij{s,SU{2))^ (D.3a) 



a= ^-^ 
1,4,6 



E(Ai)«V(s,5f/(2))f = , a = 2,5,7 . (D.3b) 

i=l 

Here we have used the properties ( |6.6b| ) of the Gell-Mann matrices, and the global con- 
dition (|D.3b|) enforces the SU (2)ii.i.-invariance of the coset construction. 

After some algebra, the following orthonormal set of s-channel eigenvectors is found 
ij{s,SU{2))l = h^,^,6^,^, , A^/'(1) = (D.4a) 
12 3 

ilj{s,SU{2))l = ^[5aia3^a2a4 + ^aia4'^a2a3 " ^Sa,a2Sa3ai] , Aj/)''(2) = — (D.4b) 
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2^3 



03 ^0.20.^ 



M 



\3) 
V'(s,5f/(2))f 



(D.4c) 
(D.4d) 



^(s,^f/(2))^, = (^(s,5^(2))f)Y" 

where the last relation says that the left and right eigenvectors coincide in this case. 

The results ( p.4|) are in agreement with the high-level fusion rule (|6.9|) ; in particular, 
the conformal weight in ( p.4a|) corresponds to the vacuum, while the remaining two 
weights in ( p.4b| ,c) are the high-level form of the two degenerate subsets of the coset- 
broken conformal weights of the adjoint (see eqs.( |C.12a|) and ( |C.13b|) ). 

Similarly, we can solve for the u and t-channel eigenvectors, which are given by 



ijjin, SU i2)r =^is,SU (2)) 



Ml 



1 2^3 



Af/f (M) = A^/\M) 



Ml 



^Pit,SUi2)y' =ilj{s,SUi2)y' 



2^4 



« (M) ^ ^ 



g/h 



3x 



(M) 



(D.5a) 



(D.5b) 



where 2 3 and 2 4 mean 0:2 ^ 0:3 and 0:2 <-> 0:4 in the explicit expressions ( |D.4| ) 
for the s-channel eigenvectors. Since ~ T^, the result in ( p.Sa] ) is a special case of 
( p.21| ) and the u-channel conformal weights are identical to those in the s-channel. The 
conformal weights of the t-channel. 



^(t) 



(M) 



,10 11 5 , 
ox bx bx 



(D.6) 



are also in agreement with the coset-broken conformal weights of the high-level fusion 
rule ( |6.12| ). In particular, the last value is the completely degenerate conformal weight 
of the 3 and the first two coincide with the two degenerate subsets ( |C12b| ) of the 6, 
according to the high-level form ( |C.13b| ). 

Using ( |5.19b| ), the S'f/(2)-crossing matrices are computed from the eigenvectors as 



Xsui2){ns)M^ = V^(u, SU{2))^^{s, SU{2)) 



( ^ 

2V5 

\2V3 



X 



SU(2) 



(ts; 



M 



N 



^(t,5f/(2))^>V(s,5?7(2)) 



\N 



( 



2 

2^5 
V-2V3 



2v^ 
1 

2^5 
1 

^5 



2^3 \ 

3 ; 

-2V3\ 
15 

3 / 



(D.7a) 



(D.7b) 



which are orthogonal and idempotent matrices in this case. The third crossing matrix 
-^sc/(2)(ut) = Xs^(2)(us)X5(7(2)(ts) follows from the consistency relations ( ^.20|) . 

Finally, we use the SU{?>) eigenvectors (|6.15|) and the alternate expression (|A.9| ) for 
the general L{g\ if)-degenerate blocks to write down the 6 s-channel coset blocks of the 
3333 correlator in S'?7(3)/S'f/(2)irr, 



iy)r 



eis,g/h)m^[l + {A 



(s) 



3x 



l)\ny+{Q 



a/h 

(su) 



5 

3x 



l)ln(l-y)] 



M 



N 



0{x~^) 
(D.8) 



50 



M 



and 



where (IJat 

e(s, g/hW = v{s, SUi3)ri;is, SU{2))^' 











\VTo \V6 



Xsui2) (us) Aj'/;(L)X5c;(2) Ml 

L 



1 



12x 



4 V 4 

3_ 5_ 

( 20 -4^5 
4v^ 13 
-3\/T5 



(D.9a) 

(D.9b) 
\ 



V 





-3V15 

15 
(D.9c) 



The u and t-channel blocks can be computed from the s-channel blocks above using 
the crossing relation ( |5.19a| ) and the explicit forms of the crossing matrices X5(/(3)(us), 
Xs'(/(3)(ts) in ( |6.15|) and Xsuci)^^^), Xsu(2)i^^) iu ( p.7| ). Moreover, using the explicit form 
of the non-analytic phase matrix ( |5.13e| ) for this process, 



Ug/hiy)M^ 



J2Xsu(2)its)M^exp ( -7ri[A?(''(L) - ^]sign(arg(-y)) ) Xsui2)its 



N 



' ' 3x' 

(D.IO) 

the analytic t-channel blocks follow from the crossing relation ( |5.241[ ) 

Using ( |5.16a| ,d) we obtain the following limiting behavior as y — for the 6 s-channel 
blocks ( p.8| ) of this correlator. 



.9/h, 



M 



rj;,(m,M)i/ 



A^/j''{m,A/)-5/3a; 



+ 0{x-^) 
3 



m 



2x 



A^^{V,2) = l + 0{x-'] 



+ 0{x- 



Ag)(A,l) 



Ag)(V^,3) = 0(x°) 



1 /Tn 1 



lyio 



, Af(A3) 
= l + 0{x-^) 



M -- 
5 

" 2x 



= 1,2,3 
(D.lla) 

+ 0{x~^) 
(D.llb) 
(D.llc) 

(D.lld) 
(D.lle) 



The explicit form of the residues was obtained using ( |5.16d| ), the embedding matrix 



1. 



( p.9a|) and the relation c(s, h) = Q^^y) — 

The three conformal weights in ( p.llb ) are broken affine primary states and the two in 
( p.llc| ) are broken affine secondary states which are not necessarily integer descendants 
of broken affine primary states. The conformal weight in ( p.lld| ) cannot be determined 
through this order because the residue of the corresponding block Cg/h{y)v^, and the block 
itself, is zero through order 0{x~^), so this block begins at 0{x~'^). To see this directly 
from dDj) note that for this block e{s,g/h)m^ = and e(s, ^//i)™^(Q^/„'5)^^^ = 0. We 
also find one block which begins at (9(a;~^) in the u-channel and in the t-channel. 
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In accord with ( |4.19| ), the number of blocks in this process is 



B 



SU{3)/SU{2) 



2-3 = 6 



(D.12) 



while the same process under the affine-Sugawara construction on SU{3) and the irra- 
tional construction SU{3)f.j showed 4 and 8 blocks respectively. This is in accord with the 
double inequality ( |5.18| ) and the increasing symmetry breakdown O C S'f/(2)irr C SU{3) 
of the three constructions. 

Using eqs.( [A.l5D , ( [A. 141 ), we also find the following expression for the high-level non- 
chiral correlators of SU{3)/ SU{2)iT-r, 



Y,/H{y\ y)=j:E{s, W/^)A/'[l + (A?/)'-Tr--l) In |yP+(Af/; ---I) In 

ji^j- O X OX 



2i M 

\m - 



N 



/I 



Vo 





5 
8 



15 



(D.13a) 
(D.lSb) 



where we have used X5';7(2)(us)-E'(s, 5'//;,)X5[/(2)(us) = E{s,g/h) and where the diagonal 
s-channel conformal weight matrix A^/^^ is given in (p.9b| ). This result explicitly shows 
the crossing symmetry ( p.29| ), as it should since ~ in this case. 
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